On locally compact semitopological $0$-bisimple inverse
  $\omega$-semigroups by Gutik, Oleg
ar
X
iv
:1
70
3.
01
43
4v
2 
 [m
ath
.G
R]
  1
4 M
ay
 20
18
ON LOCALLY COMPACT SEMITOPOLOGICAL 0-BISIMPLE INVERSE
ω-SEMIGROUPS
OLEG GUTIK
Abstract. We describe the structure of Hausdorff locally compact semitopological 0-bisimple inverse ω-
semigroups with compact maximal subgroups. In particular, we show that a Hausdorff locally compact
semitopological 0-bisimple inverse ω-semigroup with a compact maximal subgroup is either compact
or it is a topological sum of its H -classes. We describe the structure of Hausdorff locally compact
semitopological 0-bisimple inverse ω-semigroups with a monothetic maximal subgroups. We show the
following dichotomy: a T1 locally compact semitopological Reilly semigroup
(
B(Z+, θ)0, τ
)
over the
additive group of integers Z+, with adjoined zero and with a non-annihilating homomorphism θ: the
semigroup
(
B(Z+, θ)0, τ
)
is either compact or discrete. At the end we discuss on the remainder under
the closure of the discrete Reilly semigroup B(Z+, θ) in a semitopological semigroup.
1. Introduction and preliminaries
Further we shall follow the terminology of [10, 13, 17, 43]. By N (resp. N0) we denote the set of all
positive (resp., non-negative) integers and by Z+ we denote the additive group of integers. We shall
say that a set A intersects almost all elements of a infinite family K = {Ki}i∈Ω of non-empty sets if
A∩Ki = ∅ only for finitely many elements of K . All topological spaces, considered in this paper, are
Hausdorff, if the otherwise is not stated explicitely. If A is a subset of a topological space X then by
clX(A) and intX(A) we denote the closure and interior of A in X , respectively.
A subset A of a topological space X is called regular open if A = intX(clX(A)).
We recall that a topological space X is called
• semiregular if X has a base consisting of regular open subsets;
• compact if each open cover of X has a finite subcover;
• locally compact if each point of X has an open neighbourhood with the compact closure;
• Cˇech-complete if X is Tychonoff and there exists a compactification cX of X such that the
remainder cX \ c(X) is an Fσ-set in cX .
It is well-known (see [17, Section 3.9]) and easy to show that every locally compact space is semiregular
and Cˇech-complete.
Given a semigroup S, we shall denote the set of idempotents of S by E(S). A semigroup S with the
adjoined zero will be denoted by S0 (cf. [13]).
A semigroup S is called inverse if for every x ∈ S there exists a unique x−1 ∈ S such that xyx = x
and yxy = y. In the following this element y we shall denote by x−1 and call inverse of x. A map
inv : S → S which poses every s ∈ S its inverse is called inversion.
The subset of idempotents of a semigroup S we shall denote by E(S). If S is an inverse semigroup
then E(S) is closed under multiplication and we shall refer to E(S) as a band (or the band of S). If the
band E(S) is non-empty, then the semigroup operation on S determines the following natural partial
order 6 on E(S): e 6 f if and only if ef = fe = e. A semilattice is a commutative semigroup of
idempotents. A semilattice E is called linearly ordered or a chain if its natural order is a linear order.
A chain L is called an ω-chain if L is isomorphic to {0,−1,−2,−3, . . .} with the semigroup operation
x ·y = min{x, y}, thus the natural partial order on {0,−1,−2,−3, . . .} coincides with the usual order 6.
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A semitopological (topological) semigroup is a topological space with a separately continuous (jointly
continuous) semigroup operation. An inverse topological semigroup with continuous inversion is called
a topological inverse semigroup. Also, a semitopological (topological) group is a topological space with
a separately continuous (jointly continuous) group operation (and inversion).
A topology τ on a semigroup S is called:
• semigroup if (S, τ) is a topological semigroup;
• shift-continuous if (S, τ) is a semitopological semigroup; and
• inverse semigroup if (S, τ) is a topological inverse semigroup.
The bicyclic semigroup C (p, q) is the semigroup with the identity 1 generated by two elements
p and q subject only to the condition pq = 1. The bicyclic monoid is a combinatorial bisimple
F -inverse semigroup and it plays the important role in the algebraic theory of semigroups and in
the theory of topological semigroups. For example well-known Andersen’s Theorem [1] states that
a (0-)simple semigroup with an idempotent is completely (0-)simple if and only if it does not contain
the bicyclic semigroup. Eberhart and Selden showed that the bicyclic semigroup admits only the dis-
crete semigroup topology and if a topological semigroup S contains it as a dense subsemigroup then
C (p, q) is an open subset of S [15]. Bertman and West in [8] extended these results for semitopological
semigroups. In [6, 7, 11, 12, 18, 22, 24, 26, 28, 29, 37] these topologizability results were extended to
generalizations of the bicyclic semigroup. Stable and Γ-compact topological semigroups do not contain
the bicyclic semigroup [2, 31]. The problem of an embedding of the bicyclic monoid into compact-like
topological semigroups was discussed in [4, 5, 27].
In [15] Eberhart and Selden proved that if the bicyclic monoid C (p, q) is a dense subsemigroup of a
topological monoid S and I = S \ C (p, q) 6= ∅ then I is a two-sided ideal of the semigroup S. Also,
there they described the closure of the bicyclic monoid C (p, q) in a locally compact topological inverse
semigroup. The closure of the bicyclic monoid in a countably compact (pseudocompact) topological
semigroups was studied in [5].
In the paper [22] was shown the following dichotomy: a locally compact semitopological bicyclic
semigroup with an adjoined zero is either compact or discrete. Also there was shown a counterpart
of this result for a locally compact semitopological bicyclic semigroup with an adjoined compact ideal.
On the other hand, there was constructed a Cˇech-complete first countable topological inverse bicyclic
semigroup with adjoined non-isolated zero which is not compact. The above dichotomy was extended
by Bardyla in [6] to locally compact λ-polycyclic semitopological monoids and to locally compact
semitopological interassociates of the bicyclic monoid [23].
Let S be a monoid and θ : S → HS(1) a homomorphism from S into the group of units HS(1) of S.
The set N0 × S × N0 with the semigroup operation
(i, s, j) · (m, t, n) =
(
i+m−min{j,m}, θm−min{j,m}(s)θj−min{j,m}(t), j + n−min{j,m}
)
,
where i, j,m, n ∈ N0, s, t ∈ S and θ0 is an identity map on S, is called the Bruck–Reilly extension
of the monoid S and it will be denoted by BR(S, θ). We observe that if S is a trivial monoid (i.e.,
S is a singleton set), then BR(S, θ) is isomorphic to the bicyclic semigroup C (p, q) and in case when
θ : S → HS(1) is the annihilating homomorphism (i.e., θ(s) = 1S for all s ∈ S, where 1S is the identity
of the monoid S), then BR(S, θ) is called the Bruck semigroup over the monoid S [9].
For arbitrary i, j ∈ N0 and non-empty subset A of the semigroup S we define subsets Ai,j and A0i,j of
BR(S, θ) as follows: Ai,j = {(i, s, j) : s ∈ A} and A
0
i,j = Ai,j ∪ {(i+ 1, 1S, j + 1)}.
A regular semigroup S is ω-semigroup if E(S) is isomorphic to the ω-chain and S is bisimple if S
constitutes a single D-class.
The construction of the Bruck semigroup over a monoid was used in [9] for the proof of the statement
that every semigroup embeds into a simple monoid. Also Reilly and Warne prove that every bisimple
regular ω-semigroup S is isomorphic to the Bruck–Reilly extension of some group [42, 48], i.e., for every
bisimple regular ω-semigroup S there exists a group G and a homomorphism θ : G → G such that S
is isomorphic to the Bruck–Reilly extension BR(G, θ). A bisimple regular ω-semigroup is called Reilly
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semigroup [41]. Later similar as in the Petrich book [41], the Reilly semigroup BR(G, θ) we shall denote
by B(G, θ).
Gutik constructed a topological counterpart of the Bruck construction in [19]. Also in [19, 21] he
studied the problem of a topologization of the Bruck semigroup over a topological semigroup. A. Selden
described the structure of locally compact bisimple regular topological ω-semigroups and studied the
closures of such semigroups in locally compact topological semigroups in [44, 45, 46]. In the paper [25]
topologizations of the Bruck–Reilly extension BR(S, θ) of a semitopological semigroup S which turns
BR(S, θ) into a semitopological semigroup are studied.
An inverse semigroup S is called a 0-bisimple ω-semigroup if S has two D-classes: S \ {0} and {0},
and E(S) \ {0} is order isomorphic to the ω-chain. The results of the Lallement and Petrich paper [33]
imply that every 0-bisimple inverse ω-semigroup is isomorphic to a Reilly semigroup with adjoined zero
B(G, θ)0.
In this paper we describe the structure of locally compact semitopological 0-bisimple inverse ω-
semigroups with a compact maximal subgroup. In particular, we show that a locally compact semitopo-
logical 0-bisimple inverse ω-semigroup with a compact maximal subgroup is either compact or topolog-
ically isomorphic to the topological sum of its H -classes. We describe the structure of locally compact
semitopological 0-bisimple inverse ω-semigroups with a monothetic maximal subgroups. In particular
we prove the dichotomy that a locally compact T1-semitopological Reilly semigroup (B(Z+, θ)0, τ) over
the additive group of integers Z+, with adjoined zero and with a non-annihilating homomorphism θ:
the semigroup (B(Z+, θ)0, τ) is either compact or discrete. At the end we discuss on the remainder
under the closure of the discrete Reilly semigroup B(Z+, θ) in a semitopological semigroup.
2. On a topological Bruck–Reilly extension of a semitopological monoid
Later we need the following proposition which is a simple generalization of Lemma 1.2 from [40] and
follows from Theorem XI.1.1 of [41].
Proposition 2.1. Let S be an arbitrary monoid and θ : S → HS(1) a homomorphism from S into the
group of units HS(1) of S. Then a map η : BR(S, θ) → C (p, q), (i, s, j) 7→ q
ipj is a homomorphism
and hence the relation η♮ on BR(S, θ) defined in the following way
(i, s, j)η♮(m, t, n) if and only if i = m and j = n
is a congruence.
Proposition 2.2. Let τBR be a topology on BR(S, θ) such that the set Si,j is open in (BR(S, θ), τBR)
for all i, j ∈ N0. Then η♮ is a closed congruence on (BR(S, θ), τBR).
Proof. Fix an arbitrary non-η♮-equivalent elements (i, s, j), (m, t, n) ∈ BR(S, θ). Then the definition of
the relation η♮ implies that Si,j ∩Sm,n = ∅. Since Si,j and Sm,n are open disjoint neighbourhoods of the
points (i, s, j) and (m, t, n) in the topological space (BR(S, θ), τBR), Proposition 2.1 implies that η
♮ is
a closed congruence on (BR(S, θ), τBR). 
Definition 2.3. Let C be a class of semitopological semigroups and (S, τS) ∈ C. If τBR is a topology on
BR(S, θ) such that (BR(S, θ), τBR) ∈ C and for some i ∈ N0 the subsemigroup Si,i with the topology
restricted from (BR(S, θ), τBR) is topologically isomorphic to (S, τS) under the map ξi : Si,i → S,
(i, s, i) 7→ s, then (BR(S, θ), τBR) is called a topological Bruck–Reilly extension of (S, τS) in the class C.
For all non-negative integers i, j,m, n and an arbitrary Bruck–Reilly extension BR(S, θ) we define a
map φi,jm,n : BR(S, θ)→ BR(S, θ), x 7→ (m, 1S, i) · x · (j, 1S, n).
Proposition 2.4. Let (BR(S, θ), τBR) be a topological Bruck–Reilly extension of a semitopological
semigroup (S, τS) in the class of semitopological semigroups. Then the following assertions hold:
(i) for all non-negative integers i, j,m, n the restrictions φi,jm,n|Si,j : Si,j → Sm,n and φ
m,n
i,j |Sm,n : Sm,n →
Si,j are mutually invertible homeomorphisms between subspaces Si,j and Sm,n of (BR(S, θ), τBR);
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(ii) for all non-negative integers i,m the restrictions φi,im,m|Si,i : Si,i → Sm,m and φ
m,m
i,i |Sm,m : Sm,m →
Si,i are mutually invertible topological isomorphisms between semitopological subsemigroups Si,i
and Sm,m of (BR(S, θ), τBR);
(iii) the homomorphism θ : S → HS(1) is a continuous map;
(iv) for all non-negative integers i, j,m, n the restrictions φi,jm,n|S0i,j : S
0
i,j → S
0
m,n and φ
m,n
i,j |S0m,n : S
0
m,n →
S0i,j are mutually invertible homeomorphisms between subspaces S
0
i,j and S
0
m,n of (BR(S, θ), τBR);
(v) if θ : S → HS(1) is an annihilating homomorphism then for all non-negative integers i,m the
restrictions φi,im,m|S0i,i : S
0
i,i → S
0
m,m and φ
m,m
i,i |S0m,m : S
0
m,m → S
0
i,i are mutually invertible topological
isomorphisms between semitopological subsemigroups S0i,i and S
0
m,m of (BR(S, θ), τBR);
(vi) for every positive integer i the left and right shifts ρ(i,1S ,i) : BR(S, θ)→ BR(S, θ), x 7→ x·(i, 1S, i)
and λ(i,1S ,i) : BR(S, θ)→ BR(S, θ), x 7→ (i, 1S, i)·x are retractions, and hence (i, 1S, i)BR(S, θ),
BR(S, θ)(i, 1S, i) are closed subsets, and hence S0,0 is an open subset of (BR(S, θ), τBR);
(vii) for every positive integer i the sets S0,i and Si,0 are open in (BR(S, θ), τBR);
(viii) for any non-negative integer k and for every positive integer i the sets S0,k ∪S1,k+1 ∪ · · · ∪Si,k+i
and Sk,0 ∪ Sk+1,1 ∪ · · · ∪ Sk+i,i are open in (BR(S, θ), τBR).
Proof. Assertions (i) and (ii) follow from the definition of the semigroup BR(S, θ) and the separate
continuity of the semigroup operation in (BR(S, θ), τBR).
(iii) Since (i, s, i) · (i+ 1, 1S, i+ 1) = (i+ 1, θ(s), i+ 1) for any s ∈ S, assertions (i) and (ii), and
the separate continuity of the semigroup operation of (BR(S, θ), τBR) imply that the homomorphism
θ : S → HS(1) is a continuous map, because the following diagram
Si,i
ρ(i+1,1S,i+1) // Si+1,i+1
ξi+1

S
θ
//
ξ−1i
OO
S
commutes, where ρ(i+1,1S ,i+1) is the right shift on the semigroup BR(S, θ) by the element (i+1, 1S, i+1)..
(iv) Since (n, 1S, i) (i+1, 1S, j+1)(j, 1S, m) = (n+1, 1S, m+1), assertion (iv) follows from the defini-
tion of the semigroup BR(S, θ), the separate continuity of the semigroup operation in (BR(S, θ), τBR)
and (iii).
(v) If θ : S → HS(1) is the annihilating homomorphism then it is obvious that S
0
i,i is a subsemigroup
of BR(S, θ) for any non-negative integer i such that (i+ 1, 1S, i+ 1) is zero of S
0
i,i, and next we apply
item (iv).
(vi) The semigroup operation of BR(S, θ) implies that
(i, 1S, i) · (m, s, n) = (m, s, n) and (m, s, n) · (i, 1S, i) = (m, s, n) , for all integers m,n > i,
and
(i, 1S, i) · (m, s, n) = (i, θ
i−m(s), i+ n−m) 6= (m, s, n) and
(m, s, n) · (i, 1S, i) = (i− n+m, θ
i−n(s), i) 6= (m, s, n) , for all non-negative integers m,n < i.
Then the above arguments, [17, Exercise. 1.5.C], Hausdorffness of (BR(S, θ), τBR) and the separate
continuity of the semigroup operation of (BR(S, θ), τBR) imply our assertion.
(vii) Item (vi) implies that S0,0 ∪ S0,1 ∪ · · · ∪ S0,i and S0,0 ∪ S1,0 ∪ · · · ∪ Si,0 are open subsets of
(BR(S, θ), τBR). Then S0,i = (S0,0∪S0,1∪· · ·∪S0,i)∩ρ
−1
(i,1S ,0)
(S0,0) is an open subset of (BR(S, θ), τBR),
as well. Similar arguments show that Si,0 is an open subset of (BR(S, θ), τBR), too.
(viii) Fix an arbitrary non-negative integer k, an arbitrary positive integer i and any element (k +
i, s, i) ∈ Sk+i,i. Then (k+i, s, i)·(i, 1S, 0) = (k+i, s, 0) and hence the separate continuity of the semigroup
operation in (BR(S, θ), τBR) and assertion (vii) imply that there exists an open neighbourhood V of
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the point (k + i, s, i) in (BR(S, θ), τBR) such that V · (i, 1S, 0) ⊆ Sk+i,0. Without loss of generality we
may assume that
V ⊆ BR(S, θ) \ ((k + i+ 1, 1S, k + i+ 1)BR(S, θ) ∪BR(S, θ)(i+ 1, 1S, i+ 1)) .
Fix an arbitrary (m, t, n) ∈ V . Then we have that m 6 k + i and n 6 i. This implies that
(m, t, n) · (i, 1S, 0) =
(
m+ i− n, θi−n(t), 0
)
∈ Sk+i,0,
and hence m = k + n. This implies that Sk,0 ∪ Sk+1,1 ∪ · · · ∪ Sk+i,i = ρ(i,1S ,0)(Sk+i,0) is an open subset
of (BR(S, θ), τBR), because all shifts are continuous in (BR(S, θ), τBR). The proof of openness of the
set S0,k ∪ S1,k+1 ∪ · · · ∪ Si,k+i in (BR(S, θ), τBR) is similar. 
Proposition 2.4 and Theorem 3.3.8 of [17] imply the following
Corollary 2.5. Every semitopological bisimple inverse ω-semigroup S is topologically isomorphic to
a topological Bruck–Reilly extension (B(G, θ), τB) of a semitopological group (G, τG) in the class of
semitopological semigroups. Moreover, if S is locally compact then (G, τG) is a locally compact topological
group.
We observe that the continuity of the group operation and inversion in a locally compact semitopo-
logical group (G, τG) follows from well-known Ellis’ Theorem (see [16, Theorem 2]).
The following corollary describes the structure of 0-bisimple inverse ω-semigroups and it follows from
Theorem 4.2 of [39] (also see corresponding statements in [33] and [34]).
Corollary 2.6. Every 0-bisimple inverse ω-semigroup S is isomorphic to a Reilly semigroup with ad-
joined zero B(G, θ)0 = B(G, θ) ⊔ {0}.
Later in this paper by 0 we shall denote zero of a Reilly semigroup with adjoined zero B(G, θ)0.
By Theorem 3.3.8 from [17] every open subspace of a locally compact space is locally compact and
hence Corollaries 2.5 and 2.6 imply the following theorem.
Theorem 2.7. Every semitopological 0-bisimple inverse ω-semigroup S is topologically isomorphic to a
topological Bruck–Reilly extension (B(G, θ)0, τ 0
B
) of a semitopological group (G, τG) with adjoined zero
(not necessarily as an isolated point) in the class of semitopological semigroups. Moreover, if S is locally
compact then (G, τG) is a locally compact topological group.
3. On locally compact semitopological 0-bisimple inverse ω-semigroups with compact
maximal subgroups
In this section we describe the structure of locally compact semitopological 0-bisimple inverse ω-
semigroups with compact maximal subgroups.
Lemma 3.1. Let S be a semitopological 0-bisimple inverse ω-semigroup with compact maximal sub-
groups. Then every non-zero H -class of S is an open-and-closed subset of S.
Proof. By Theorem 2.7 there exist a compact semitopological group (which by the Ellis Theorem is a
topological group [16]) (G, τG) and a continuous homomorphism θ : G→ G such that the semitopological
semigroup S is topologically isomorphic to a topological Bruck–Reilly extension (B(G, θ)0, τ 0
B
) of (G, τG)
with an adjoined zero. It is obvious that every non-zero H -class of the semigroup B(G, θ)0 coincides
with Gi,j for some i, j ∈ N0. Then items (ii) and (vi) of Proposition 2.4 imply the assertion of the
lemma. 
For an arbitrary group G and a homomorphism θ : G → G we define a map η : BR(G, θ)0 → C 0 =
C (p, q) ∪ {0} by the formulae η(i, g, j) = qipj and η(0) = 0, for g ∈ G and i, j ∈ N0. Then using
Proposition 2.1 we can show that the map η is a homomorphism and hence the relation η♮ on BR(G, θ)
defined in the following way
(1) (i, s, j)η♮(m, t, n) if and only if i = m and j = n, and 0η♮0
is a congruence on the semigroup BR(G, θ)0.
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Lemma 3.2. Let (B(G, θ)0, τ 0
B
) be a semitopological semigroup with a compact group of units. Then
η♮ is a closed congruence on (B(G, θ)0, τ 0
B
).
Proof. Fix arbitrary non-η♮-equivalent non-zero elements (i, s, j) and (m, t, n) of the Reilly semigroup
with adjoined zero B(G, θ)0. Then Gi,j and Gm,n are open-and-closed neighbourhoods of the points
(i, s, j) and (m, t, n) in the space (B(G, θ)0, τ 0
B
), respectively, such that η♮ ∩ (Gi,j ×Gm,n) = ∅. Also,
the above arguments imply that Gi,j × (B(G, θ)
0 \Gi,j) is an open-and-closed neighbourhood of the
ordered pair ((i, s, j), 0) in B(G, θ)0×B(G, θ)0 with the product topology which does not intersect the
congruence η♮ of semigroup B(G, θ)0. Hence we get that η♮ is a closed congruence on the semitopological
semigroup (B(G, θ)0, τ 0
B
). 
Later we shall need the following notions. A continuous map f : X → Y from a topological space X
into a topological space Y is called:
• quotient if the set f−1(U) is open inX if and only if U is open in Y (see [38] and [17, Section 2.4]);
• hereditarily quotient (or pseudoopen) if for every B ⊂ Y the restriction f |B : f
−1(B) → B of f
is a quotient map (see [35, 36, 3] and [17, Section 2.4]);
• open if f(U) is open in Y for every open subset U in X ;
• closed if f(F ) is closed in Y for every closed subset F in X ;
• perfect if X is Hausdorff, f is a closed map and all fibers f−1(y) are compact subsets of X [47].
Every perfect map is closed, every closed map and every hereditarily quotient map are quotient [17].
Moreover a continuous map f : X → Y from a topological space X onto a topological space Y is
hereditarily quotient if and only if for every y ∈ Y and every open subset U in X which contains f−1(y)
we have that y ∈ intY (f(U)) (see [17, 2.4.F]).
Lemma 3.3. Let (B(G, θ)0, τ 0
B
) be a semitopological semigroup with a compact group of units. Then
the quotient natural homomorphism η : B(G, θ)0 → C 0 is an open map.
Proof. If U is an open subset of (B(G, θ)0, τ 0
B
) such that U 6∋ 0 then η(U) is an open subset of C 0,
because C (p, q) is a discrete open subset of the space C 0 (see [8, Proposition 1]).
Suppose U ∋ 0 is an open subset of (B(G, θ)0, τ 0
B
). Put U∗ = η−1 (η(U)). Then U∗ = η−1 (η(U∗)).
Since η : B(G, θ)0 → C 0 is a natural homomorphism,
U∗ =
⋃
{Gi,j : Gi,j ∩ U 6= ∅} ∪ {0}.
Since every 0-bisimple inverse ω-semigroup is isomorphic to a Reilly semigroup with adjoined zero, the
last equality and Lemma 3.1 imply that U∗ is an open subset of the space (B(G, θ)0, τ 0
B
), and since η
is a quotient map and U∗ = η−1 (η(U∗)), we conclude that η(U) is an open subset of the space C 0. 
The following simple example from the paper [22] shows that the semigroup C 0 admits a topology
τAc making it a compact semitopological semigroup.
Example 3.4 ([22]). On the semigroup C 0 we define a topology τAc in the following way:
(i) every element of the bicyclic monoid C (p, q) is an isolated point in the space (C 0, τAc);
(ii) the family B(0) = {U ⊆ C 0 : U ∋ 0 and C (p, q) \ U is finite} is a base of the topology τAc at
zero 0 ∈ C 0,
i.e., τAc is the topology of the Alexandroff one-point compactification of the discrete space C (p, q) with
the remainder {0}. The semigroup operation in (C 0, τAc) is separately continuous, because all elements
of the bicyclic semigroup C (p, q) are isolated points in the space (C 0, τAc) and left and right translations
are finite-to-one functions in C (p, q) (see [15, Lemma I.1]).
Lemma 3.5. Let (B(G, θ)0, τ 0
B
) be a locally compact semitopological semigroup with a compact group of
units. Then the quotient semigroup B(G, θ)0/η♮ with the quotient topology is topologically isomorphic
to the semigroup C 0 with either the topology τAc or the discrete topology.
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Proof. By Lemma 3.1 every non-zero H -class of the semigroup B(G, θ)0 is an open-and-closed subset
of (B(G, θ)0, τ 0
B
) and hence the quotient space (B(G, θ)0, τ 0
B
) /η♮ is Hausdorff. Lemma 3.3 implies that
η is an open map. By Theorem 3.3.15 from [17], B(G, θ)0/η♮ with the quotient topology is a locally
compact space. Then Theorem 1 of [22] implies the statement of our lemma. 
Lemma 3.5 implies the following proposition.
Proposition 3.6. Let (B(G, θ)0, τ 0
B
) be a locally compact semitopological semigroup with a compact
group of units and an isolated zero 0. Then the topological space (B(G, θ)0, τ 0
B
) is homeomorphic to
topological sum of its H -classes with induced from (B(G, θ)0, τ 0
B
) topologies, i.e.,(
B(G, θ)0, τ 0
B
)
=
⊕
{Gi,j : i, j ∈ N0} ⊕ {0}.
Lemma 3.7. Let (B(G, θ)0, τ 0
B
) be a locally compact semitopological semigroup with compact maximal
subgroups and a non-isolated zero 0. Then for every open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
)
there are only finitely many non-zero H -classes Gi,j, i, j ∈ N0, non-intersecting with U0.
Proof. Suppose to the contrary that there exists an open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
)
such that Gi,j ∩U0 = ∅ for infinitely many non-zero H -classes Gi,j, i, j ∈ N0. Then by Lemma 3.3 the
quotient natural homomorphism η : B(G, θ)0 → C 0 is an open map, and hence the quotient semigroup
B(G, θ)0/η♮ with the quotient topology is neither compact nor discrete, which contradicts Lemma 3.5.

For each subset A of (B(G, θ)0, τ 0
B
) and each i, j ∈ N0 put [A]i,j = A ∩Gi,j .
Lemma 3.8. Let (B(G, θ)0, τ 0
B
) be a locally compact semitopological semigroup with a compact group
of units and non-isolated zero 0. Then for every open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
) and
every non-negative integer i0 the sets
{j ∈ N0 : Gi0,j * U0} and {j ∈ N0 : Gj,i0 * U0}
are finite.
Proof. Suppose to the contrary that there exist a open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
) and
a non-negative integer i0 such that the set {j ∈ N0 : Gi0,j * U0} is infinite. Since the topological space
(B(G, θ)0, τ 0
B
) is locally compact, we can take a regular open neighbourhood U0 of the zero with compact
closure.
We consider the following two cases:
(1) there exists a non-negative integer j0 such that [U0]i0,j 6= Gi0,j for all j > j0;
(2) for every positive integer k there exists a positive integer n > k such that [U0]i0,n = Gi0,n.
Suppose case (1) holds. Since every maximal subgroup of (B(G, θ)0, τ 0
B
) is compact, by Proposi-
tion 2.4(ii) without loss of generality we may assume that j0 = 0. By Lemma 3.1 every H -class Gi,j is
an open subset of (B(G, θ)0, τ 0
B
) and hence the set
H0i0(U0) = {0} ∪
⋃
j∈N0
[
clB(G,θ)0(U0)
]
i0,j
is compact. By Lemma 3.1 the family Ui0 = {{U0} , {Gi0,j : j ∈ N0}} is an open cover of the compactum
H0i0(U0) and hence there exists a positive integer j1 such that [U0]i0,n =
[
clB(G,θ)0(U0)
]
i0,n
for all n > j1.
Since (B(G, θ)0, τ 0
B
) is a semitopological semigroup, a set V0 = ρ
−1
(1,1G,0)
(U0) is an open neighbourhood
of zero. By Lemma 3.1 the family Vi0 = {{V0} , {Gi0,j : j ∈ N0}} is an open cover of the compactum
H0i0(U0) and hence there exists a positive integer j2 > j1 such that [V0]i0,n = [U0]i0,n =
[
clB(G,θ)0(U0)
]
i0,n
,
for all integers n > j2. Indeed, since (i0, g, j) · (1, 1G, 0) = (i0, g, j− 1) for all positive integers j and any
g ∈ G, for all integers n > j2, we have that
[V0]i0,n = [U0]i0,n =
[
clB(G,θ)0(U0)
]
i0,n
.
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We put
U˜0 = U0 \ (Gi0,0 ∪ . . . ∪Gi0,j2−1) .
By Lemma 3.1, U˜0 is an open neighbourhood of zero in (B(G, θ)
0, τ 0
B
) such that
[
U˜0
]
i0,n
= [U0]i0,n =[
clB(G,θ)0(U0)
]
i0,n
, for all integers n > j2. Since (B(G, θ)
0, τ 0
B
) is locally compact, without loss of
generality we may assume that the neighbourhood U0 is a regular open set. This implies that U˜0 is
a regular open set too. So there exist distinct g, h ∈ G such that (i0, g, n) /∈ [U0]i0,n and (i0, h, n) ∈
[U0]i0,n, for all integers n > j2. But (i0, gh
−1, i0) · (i0, h, n) = (i0, g, n) for all integers n > j2. Let
W0 = λ
−1
(i0,gh−1,i0)
(
U˜0
)
. Hence we have that[
U˜0
]
i0,n
\ [W0]i0,n 6= ∅ and [W0]i0,n \
[
U˜0
]
i0,n
6= ∅,
for all integers n > j2. Then by Lemma 3.1 the family Wi0 = {{W0} , {Gi0,j : j ∈ N0}} is an open cover
of H0i0(U0) which has not a finite subcover. This contradicts the compactness of H
0
i0
(U0), and hence the
set {j ∈ N0 : Gi0,j * U0} is finite.
Suppose case (2) holds. Then there are infinitely many non-negative integers j such that [U0]i0,j =
Gi0,j but [U0]i0,j−1 6= Gi0,j−1. Since every maximal subgroup of (B(G, θ)
0, τ 0
B
) is compact, Lemma 3.1
implies that every H -class Gi,j is an open subset of (B(G, θ)
0, τ 0
B
) and hence the set
H0i0(U0) = {0} ∪
⋃
j∈N0
[
clB(G,θ)0(U0)
]
i0,j
is compact. Let V0 = ρ
−1
(1,1G,0)
(U0). By Lemma 3.1 the family Vi0 = {{V0} , {Gi0,j : j ∈ N0}} is an open
cover of the compactum H0i0(U0). Then the continuity of the right shift ρ(1,1G,0) and the equality (i0, g, j)·
(1, 1G, 0) = (i0, g, j− 1) imply that [V0]i0,j 6= Gi0,j for infinitely many non-negative integers j. Also, the
equality (i0, g, j) · (1, 1G, 0) = (i0, g, j − 1) and assumption of case (2) imply that [U0]i0,j \ [V0]i0,j 6= ∅
for infinitely many non-negative integers j. Hence, the open cover Vi0 of H
0
i0
(U0) does not contain a
finite subcover, which contradicts the compactness of H0i0(U0), and hence the set {j ∈ N0 : Gi0,j * U0}
is finite.
The proof of the statement that the set {j ∈ N0 : Gj,i0 * U0} is finite, is similar. 
Lemma 3.9. Let (B(G, θ)0, τ 0
B
) be a locally compact semitopological semigroup with a compact group
of units and non-isolated zero 0. Then for every open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
) the
set AU0 = {(i, j) ∈ N0 × N0 : Gi,j * U0} is finite.
Proof. Suppose to the contrary that there exists an open neighbourhood U0 of zero in (B(G, θ)
0, τ 0
B
)
such that the set AU0 is infinite. Since the topological space (B(G, θ)
0, τ 0
B
) is locally compact without
loss of generality we may assume that the closure clB(G,θ)0(U0) of U0 is compact and the neighbourhood
U0 is regular open. By Lemma 3.8, for every positive integer k there exists (i, j) ∈ AU(0) such that i > k
and j > k.
By induction we define an infinite sequence {(in, jn)}n∈N of elements of the set AU0 in the following
way. By the assumption, there exists the smallest non-negative integer i1 such that Gi1,j * U0, j ∈ N0.
By Lemma 3.8 there exits j1 = max {j ∈ N0 : Gi1,j * U0}.
At k + 1-th step of induction we define pair (ik+1, jk+1) ∈ AU0 as follows. Let ik+1 be the small-
est non-negative integer > ik such that Gik+1,j * U0, j ∈ N0. By Lemma 3.8 there exits jk+1 =
max
{
j ∈ N0 : Gik+1,j * U0
}
. Our assumption and Lemma 3.8 imply that so ordered pair (ik+1, jk+1)
there exists in AU0.
Now, by the separate continuity of the semigroup operation in (B(G, θ)0, τ 0
B
) there exists an open
neighbourhood V0 ⊆ U0 of zero in (B(G, θ)
0, τ 0
B
) such that V0 · (1, 1G, 0) ⊆ U0. Then the construction
of the sequence {(in, jn)}n∈N implies that
[V0]in,jn ⊆ [U0]in,jn 6= Gin,jn and [U0]in,jn+1 = Gin,jn+1,
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for each (in, jn). By Lemma 3.1 the family V = {{V0} , {Gi,j : i, j ∈ N0}} is an open cover of the compact
set clB(G,θ)0(U0). Then the continuity of the right shift ρ(1,1G,0) implies that [V0]in,jn+1 6= Gin,jn+1 for
infinitely many pairs (in, jn + 1). This implies that [U0]in,jn+1 \ [V0]in,jn+1 6= ∅ for infinitely many pairs
(in, jn + 1). Then above arguments imply that the cover V has not a finite subcover, which contradicts
the compactness of clB(G,θ)0(U0). 
Example 3.10. Let (G, τG) be a semitopological group, θ : G → G be a continuous homomorphism
and BG(g) be a base of the topology τG at a point g ∈ G.
On the semigroup B(G, θ)0 we define a topology τ⊕
B
in the following way:
(i) at any non-zero element (i, g, j) ∈ Gi,j of the semigroup B(G, θ)
0 the family
B
⊕
B
(i, g, j) = {Ui,j : U ∈ BG(g)}
is a base of the topology τ⊕
B
at the point (i, g, j) ∈ B(G, θ)0;
(ii) zero 0 ∈ B(G, θ)0 is an isolated point in
(
B(G, θ)0, τ⊕
B
)
.
Simple verifications show that the semigroup operation in
(
B(G, θ)0, τ⊕
B
)
is separately continuous.
In Example 3.11, we extend the construction proposed in Example 3.4 onto compact semitopological
0-bisimple inverse ω-semigroup with a compact maximal subgroup.
Example 3.11. Let (G, τG) be a compact Hausdorff topological group, θ : G → G be a continuous
homomorphism and BG(g) be a base of the topology τG at a point g ∈ G.
On the semigroup B(G, θ)0 we define a topology τAc
B
by pointing it base BAc
B
(x) at each point x of
B(G, θ)0, namely
(i) at any non-zero element (i, g, j) ∈ Gi,j of the semigroup B(G, θ)
0
B
Ac
B
(i, g, j) = {Ui,j : U ∈ BG(g)} ;
(ii) B(0) =
{
U(i1,j1),...,(ik ,jk) : (i1, j1), . . . , (ik, jk) ∈ N0 × N0
}
, where
U(i1,j1),...,(ik ,jk) = B(G, θ)
0 \ {Gi1,j1 ∪ · · · ∪Gik,jk} .
I.e., τAc
B
is the topology of the Alexandroff one-point compactification of the locally compact space⊕
{Gi,j : i, j ∈ N0} (where for any i, j ∈ N0 the space Gi,j is homeomorphic to the compact group
(G, τG) by the map (i, g, j) 7→ g), with the remainder {0}. Simple routine verifications show that the
semigroup operation in
(
B(G, θ)0, τAc
B
)
is separately continuous.
Proposition 3.6 and Lemma 3.8 imply the following dichotomy for locally compact semitopological
0-bisimple inverse ω-semigroups with a compact maximal subgroup:
Theorem 3.12. Let S be a locally compact semitopological 0-bisimple inverse ω-semigroup with a com-
pact maximal subgroups G distinct from zero. Then S is topologically isomorphic either to
(
B(G, θ)0, τ⊕
B
)
or to
(
B(G, θ)0, τAc
B
)
, for some continuous homomorphism θ : G→ G.
Since the bicyclic monoid C (p, q) does not embed into any compact topological semigroup [2], The-
orem 3.12 implies the following corollary.
Corollary 3.13. If S be a locally compact topological 0-bisimple inverse ω-semigroup with a compact
maximal subgroup G distinct from zero, then S is topologically isomorphic to
(
B(G, θ)0, τ⊕
B
)
, for some
continuous homomorphism θ : G→ G.
Later we shall need the following trivial lemma, which follows from the separate continuity of the
semigroup operation in semitopological semigroups.
Lemma 3.14. Let S be a semitopological semigroup and I be a compact ideal in S. Then the Rees-
quotient semigroup S/I with the quotient topology is a semitopological semigroup.
Theorem 3.15. Let (B(G, θ)I , τ) be a locally compact semitopological bisimple inverse ω-semigroup
with a compact group of units G and an adjoined compact ideal I, i.e., B(G, θ)I = B(G, θ) ⊔ I. Then
either (B(G, θ)I , τ) is a compact semitopological semigroup or the ideal I is open.
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Proof. Suppose that the ideal I is not open. By Lemma 3.1 the Rees-quotient semigroupB(G, θ)I/I with
the quotient topology τq is a semitopological semigroup. Let pi : B(G, θ)
I → B(G, θ)I/I be the natural
homomorphism which is a quotient map. It is obvious that the Rees-quotient semigroup B(G, θ)I/I is
isomorphic to the Reilly semigroup B(G, θ)0 and the image pi(I) is zero 0 of the semigroup B(G, θ)0.
Now we shall show that the natural homomorphism pi : B(G, θ)I → B(G, θ)I/I is a hereditarily
quotient map.
We shall show that for every open neighbourhood U(I) of the ideal I in the space (B(G, θ)I , τ)
the image pi(U(I)) is an open neighbourhood of the zero 0 in the space
(
B(G, θ)I/I, τq
)
. Indeed,
B(G, θ)I \ U(I) is a closed subset of (B(G, θ)I , τ). Also, since the restriction pi|B(G,θ) : B(G, θ) →
pi(B(G, θ)) of the natural homomorphism pi : B(G, θ)I → B(G, θ)I/I is one-to-one, pi(B(G, θ)I \U(I)) is
a closed subset of
(
B(G, θ)I/I, τq
)
. So pi(U(I)) is an open neighbourhood of the zero 0 of the semigroup(
B(G, θ)I/I, τq
)
, and hence the natural homomorphism pi : B(G, θ)I → B(G, θ)I/I is a hereditarily
quotient map.
Since I is a compact ideal of the semitopological semigroup
(
B(G, θ)I , τ
)
, pi−1(y) is a compact sub-
set of
(
B(G, θ)I , τ
)
for every y ∈ B(G, θ)I/I. By Din’ N’e T’ong’s Theorem (see [14] or [17, 3.7.E]),(
B(G, θ)I/I, τq
)
is a Hausdorff locally compact space. Since I is not open by Theorem 3.12 the semi-
topological semigroup
(
B(G, θ)I/I, τq
)
is topologically isomorphic to
(
B(G, θ)0, τAc
B
)
and hence it is
compact.
At last we shall prove that the space
(
B(G, θ)I , τ
)
is compact. Let U = {Uα : α ∈ I } be an
arbitrary open cover of
(
B(G, θ)I , τ
)
. Since I is compact, it can be covered by a some finite subfamily
U ′ = {Uα1 , . . . , Uαn} of U . Put U = Uα1 ∪ · · · ∪ Uαn . Then B(G, θ)
I \ U is a closed subset of(
B(G, θ)I , τ
)
. Also, since the restriction pi|B(G,θ) : B(G, θ)→ pi(B(G, θ)) of the natural homomorphism
pi : B(G, θ)I → B(G, θ)I/I is one-to-one, pi(B(G, θ)I \ U) is a closed subset of (B(G, θ)I/I, τq), and
hence the image pi(B(G, θ)I \U) is compact, because the semigroup
(
B(G, θ)I/I, τq
)
is compact. Thus,
the set B(G, θ)I \U is compact, so there exists a finite subfamily U ′′ of U , covering B(G, θ)I \U . Then
U ′ ∪U ′′ is a finite cover of
(
B(G, θ)I , τ
)
. Hence the space
(
B(G, θ)I , τ
)
is compact as well. 
Since every Bruck–Reilly extension contains the bicyclic monoid C (p, q) and compact topological
semigroup does not contain the semigroup C (p, q), Theorem 3.15 implies the following corollary.
Corollary 3.16. Let (B(G, θ)I , τ) be a locally compact topological bisimple inverse ω-semigroup with a
compact group of units G and an adjoined compact ideal I, i.e., B(G, θ)I = B(G, θ)⊔ I. Then the ideal
I is open in (B(G, θ)I , τ).
4. On locally compact semitopological 0-bisimple inverse ω-semigroups which
contain the additive group of integers as a maximal subgroup
The structure of a locally compact topological group with adjoined non-isolated zero was described
by Hofmann in [32]:
Theorem 4.1 ([32, Theorem I]). Let S be a locally compact group with non-isolated zero and G its
maximal subgroup S \ {0}. Then
(i) G contains a unique characteristic maximal compact subgroup C.
(ii) If 0 and 1 lie in some connected subspace, then S contains in its center a locally compact group
with zero M0 = M ∪ {0} which is isomorphic to the multiplicative semigroup of all non-negative
real numbers and S is isomorphic to the quotient semigroup of the direct product M0×C modulo
the congruence relation identifying all points of {0} × C.
If 0 and 1 do not lie in any connected subspace of S, then S contains a locally compact group
with zeroM0 =M\{0} which is isomorphic to the set of real numbers {0}∪{2
n : n=0,±1,±2, . . .}
under multiplication and S is isomorphic to the union of 0 and the semidirect product M ⋊α C,
where α is the inner automorphism c 7−→ g−1cg with the generator g ofM whose powers converge
to 0.
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(iii) If C is any compact group and a any automorphism of it, then there exists a locally compact
group with zero whose maximal compact group is isomorphic to C and whose maximal group can
be made isomorphic to M × C where M are positive reals under multiplication or to M ⋊α C
where in this case M is infinite cyclic.
When G0 is a semitopological semigroup which is a locally compact group with adjoined non-isolated
zero then its structure is more complicated than Hofmann’s results. Thus in this section we consider a
simple case of the additive group of integers Z+.
We shall denote by Z0+ the additive group of integers Z+ with adjoined zero 0 which is a semitopo-
logical semigroup and by 0Z+ the identity of Z+.
Remark 4.2. If the space Z0+ is locally compact then by Theorem 3.3.8 from [17] the subspace Z+ is
locally compact. Then by the Baire Category Theorem (see [17, Theorem 3.9.3]) the space Z+ has an
isolated point, and since translations in Z+ are homeomorphisms, the subspace Z+ is discrete.
We need two technical lemmas.
Lemma 4.3. Let N0+ be a locally compact semitopological additive semigroup of positive integers with
adjoined zero 0. Then N is a discrete subspace of N0+ and the space N
0
+ is either compact or discrete.
Proof. Fix an arbitrary n ∈ N. Since N0+ is locally compact Theorem 3.3.8 of [17] implies N is locally
compact too. Now Hausdorffness of the space N implies that the set [n + 1) = N \ {1, . . . , n} is open
in N0+, and hence by Theorem 3.3.8 from [17] it is locally compact. By the Baire Category Theorem
the space [n + 1) contains an isolated point m. It is obvious that m is isolated in N. Since n < m the
separate continuity of the semigroup operation in N0+ implies that n is an isolated point of N, and hence
by Hausdorffness of N0+ the point n is isolated in N
0
+.
Suppose that the space N0+ is not compact and its point 0 is not isolated. Fix an arbitrary open
neighbourhood U(0) of 0 in N0+ with the compact closure clN0+(U(0)). Since N is a discrete subspace
of N0+, clN0+(U(0)) = U(0). Since the space N
0
+ is not compact and its subspace N is discrete, U(0) =
N0+ \ {ni : i ∈ N}, where {ni : i ∈ N} is an infinite increasing sequence of positive integers. The separate
continuity of the semigroup operation of N0+ implies that there exists an open neighbourhood V (0) ⊆
U(0) of the zero 0 in N0+ such that 1 + V (0) ⊆ U(0).
Now, by the existence of the infinite sequence {ni : i ∈ N} and since the set U(0)\V (0) is infinite, we
have that the family V = {V (0), {{i} : i ∈ N}} is an open cover of U(0) which does not contain a finite
subcover. This contradicts the compactness of U(0). The obtained contradiction implies the second
statement of the lemma. 
Lemma 4.4. Let S be a semitopological semigroup and M be a dense subsemigroup of S. If 1M and
0M are identity and zero in M , respectively, then 1M and 0M so are in S.
Proof. Let id be the identity map on S and O¯ be a constant map S → {0M}. Clearly, these maps are
continuous. Since the shifts (on S) by elements 1M and 0M are continuous too, and 1Mx = x1M = x =
id(x) and 0Mx = x0M = 0M = 0¯(x) for each element x of a dense subset M of a Hausdorff space S, by
[17, Theorem 1.5.4] these equalities hold for each x ∈ S. 
Since the subsemigroup N0− = {0} ∪ {−n : n ∈ N} of Z
0
+ is isomorphic to N
0
+, Lemmas 4.3 and 4.4
and Remark 4.2 imply the following proposition.
Proposition 4.5. Let Z0+ be a locally compact semitopological semigroup. Then all non-zero points of
Z0+ are isolated and exactly one of the following conditions holds:
(i) zero 0 is isolated in Z0+;
(ii) the family Bcf =
{
UF = Z0+ \ F : F is a finite subset of Z
}
is a base at zero;
(iii) the family B+ =
{
U+F = N
0
+ \ F : F is a finite subset of N
}
is a base at zero;
(iv) the family B− =
{
U−F = Z
0
+ \ (N ∪ F ) : F is a finite subset of Z
}
is a base at zero.
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Next we define four topologies τd, τcf , τ+ and τ− on the Reilly semigroup B(Z+, θ), where θ : Z+ →
Z+ : z 7→ 0Z+ is the annihilating homomorphism.
Example 4.6. Let τd be the discrete topology on B(Z+, θ). It is obvious that (B(Z+, θ), τd) is a
topological inverse semigroup.
Example 4.7. We define a topology τcf on B(Z+, θ) in the following way. Let (i, g, j) be an isolated
point of (B(Z+, θ), τcf ) in the following cases:
(1) g 6= 0Z+ and i, j ∈ N0;
(2) i = 0 or j = 0.
The family
Bcf (i, 0Z+ , j) =
{
(UF )
0
i−1,j−1 = (Z+ \ F )
0
i−1,j−1 : F is a finite subset of Z
}
defines the base of the topology τcf on B(Z+, θ) at the point (i, 0Z+ , j), for all i, j ∈ N. Simple
verifications show that τcf is a Hausdorff locally compact topology on B(Z+, θ).
Next we shall prove that (B(Z+, θ), τcf ) is a semitopological inverse semigroup with continuous in-
version. The definition of the topology τcf on B(Z+, θ) implies that it is sufficient to show that the
semigroup operation on (B(Z+, θ), τcf ) is separately continuous in the following two cases:
(UF )
0
i,j · (m, g, n) and (m, g, n) · (UF )
0
i,j ,
where i, j ∈ N0, m,n ∈ N, F is an arbitrary finite subset of Z and g is an arbitrary element of the
group Z+, because in cases (1) and (2) the point (i, g, j) is isolated in (B(Z+, θ), τcf ).
Simple calculations show that
(UF )
0
i,j · (m, g, n) =

{(m+ i− j, g, n)} , if j < m;
(UF+g)
0
i,n
, if j = m;
(UF )
0
i,j+n−m , if j > m,
(i, g, j) · (UF )
0
m,n =

(UF )
0
i+m−j,n , if j < m;
(Ug+F )
0
i,n
, if j = m;
{(i, g, j + n−m)} , if j > m,
and
inv
(
(UF )
0
i,j
)
= (U−F )
0
j,i ,
where g + F = F + g = {f + g : f ∈ F} and −F = {−f : f ∈ F}.
Example 4.8. We define a topology τ+ on B(Z+, θ) in the following way. Let (i, g, j) be an isolated
point of (B(Z+, θ), τ+) in the following cases:
(1) g 6= 0Z+ and i, j ∈ N0;
(2) i = 0 or j = 0.
The family
(2) B+(i, 0Z+ , j) =
{(
U+F
)0
i−1,j−1
= (N \ F )0i−1,j−1 : F is a finite subset of N
}
defines the base of the topology τ+ on B(Z+, θ) at the point (i, 0Z+, j), for all i, j ∈ N. Simple verifica-
tions show that τ+ is a Hausdorff locally compact topology on B(Z+, θ).
Next we shall prove that (B(Z+, θ), τ+) is a topological semigroup. Now, the definition of the topology
τ+ on B(Z+, θ) implies that it is sufficient to show that the semigroup operation on (B(Z+, θ), τ+) is
continuous in the following three cases:(
U+F
)0
i,j
· (m, g, n), (m, g, n) ·
(
U+F
)0
i,j
, and
(
U+F
)0
k,l
·
(
U+F ′
)0
i,j
,
where i, j, k.l ∈ N0, m,n ∈ N, F and F ′ are arbitrary finite subsets of Z and g is an arbitrary element
of the group Z+, because in cases (1) and (2) the point (i, g, j) is isolated in (B(Z+, θ), τ+).
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Without loss of generality we may assume that in formula (2) the set F is an initial interval of the
set of positive integers, because for every finite subset F of N there exists an initial interval {1, . . . , m}
of N such that F ⊆ {1, . . . , m}.
Simple calculations show that
(
U+F−g
)0
i,j
· (m, g, n) =

{(m+ i− j, g, n)} , if j < m;(
U+F
)0
i,n
, if j = m;(
U+F−g
)0
i,j+n−m
, if j > m,
(i, g, j) ·
(
U+F−g
)0
m,n
=

(
U+F−g
)0
i+m−j,n
, if j < m;(
U+F
)0
i,n
, if j = m;
{(i, g, j + n−m)} , if j > m,
and
(
U+F
)0
i,j
·
(
U+F
)0
m,n
=

(
U+F
)0
m,n
, if j < m;(
U+F+F
)0
i,n
, if j = m;(
U+F
)0
i,j
, if j > m,
where F − g = {f − g : f ∈ F} ∩ N and F + F = {f + g : f, g ∈ F}.
Example 4.9. We define a topology τ− on B(Z+, θ) in the following way. Let (i, g, j) be an isolated
point of (B(Z+, θ), τ−) in the following cases:
(1) g 6= 0Z+ and i, j ∈ N0;
(2) i = 0 or j = 0.
The family
B−(i, 0Z+ , j) =
{(
U−F
)0
i,j
= (Z \ (N0 ∪ −F ))
0
i,j : F is a finite subset of N
}
,
where −F = {−m : m ∈ F}, defines the base of the topology τ− on B(Z+, θ) at the point (i, 0Z+ , j), for
all i, j ∈ N. Simple verifications show that τ− is a Hausdorff locally compact topology on B(Z+, θ).
We observe that the map Φ: (B(Z+, θ), τ+) → (B(Z+, θ), τ−) defined by the formula Φ(i, g, j) =
(i,−g, j) is an isomorphism of the semigroup B(Z+, θ) which is a homeomorphism of topological spaces
(B(Z+, θ), τ+) and (B(Z+, θ), τ−), and hence (B(Z+, θ), τ−) is a topological semigroup which is topo-
logically isomorphic to the topological semigroup (B(Z+, θ), τ+).
The following theorem describes all shift-continuous locally compact topologies on the Reilly semi-
group B(Z+, θ) in the case when θ : Z+ → Z+, z 7→ 0Z+ is the annihilating homomorphism.
Theorem 4.10. Let θ : Z+ → Z+, z 7→ 0Z+ be the annihilating homomorphism and τ be a shift-
continuous locally compact topology on B(Z+, θ). Then only one of the following conditions holds:
(i) τ is discrete;
(ii) τ = τcf ;
(iii) τ = τ+;
(iv) τ = τ−.
Proof. Since
(i, g, j)(1, 0Z+, 1) =
 (i+ 1, 0Z+ , 1), if j = 0;(i, g, 1), if j = 1;(i, g, j), if j > 1,
for arbitrary i, j ∈ N0 and the right shift ρ(1,0Z+ ,1) : (B(Z+, θ), τ) → (B(Z+, θ), τ), x 7→ x · (1, 0Z+, 1) is
continuous, the subspace (Z+)
0
0,0 = ρ
−1
(1,0Z+ ,1)
(
(1, 0Z+, 1)
)
of (B(Z+, θ), τ) is closed, and hence the local
compactness of (B(Z+, θ), τ) and Theorem 3.3.8 from [17] imply that (Z+)
0
0,0 is locally compact. It is
obvious that (Z+)
0
0,0 with the induced semigroup operation fromB(Z+, θ) is isomorphic to Z
0
+, and hence
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the statement of Proposition 4.5 for the locally compact subsemigroup (Z+)
0
0,0 holds. Proposition 2.4(iv)
completes the proof of our theorem. 
The following corollary follows from Theorem 4.10 and it describes all semigroup Hausdorff locally
compact topologies on the Reilly semigroup B(Z+, θ) in the case when θ is the annihilating homomor-
phism.
Corollary 4.11. For a locally compact topological semigroup (B(Z+, θ), τ) with the annihilating homo-
morphism θ exactly one of the following conditions holds:
(i) τ is discrete;
(ii) τ = τ+;
(iii) τ = τ−.
Proposition 4.12. If θ is the annihilating homomorphism and τ is a shift-continuous locally compact
topology on B(Z+, θ)0 such that the induced topology of τ on B(Z+, θ) is discrete, then τ is discrete.
Proof. Suppose to the contrary that the zero 0 is not an isolated point of (B(Z+, θ)0, τ).
Since all non-zero elements of the semigroup B(Z+, θ)0 are isolated points in (B(Z+, θ)0, τ), the binary
relation η♮ on B(Z+, θ)0 defined by formula (1) is a closed congruence on (B(Z+, θ)0, τ). Next we shall
show that if the natural homomorphism η : BR(Z+, θ)0 → C 0 is a quotient map then η is open. Since
all non-zero elements in (B(Z+, θ)0, τ) are isolated points it suffices to prove that the image η(U0) is
open for every open neighbourhood U0 of zero. Put U
∗
0
= η−1 (η(U0)). Clearly, U
∗
0
= η−1 (η(U∗
0
)). Since
η : BR(Z+, θ)0 → C 0 is a natural homomorphism,
U∗
0
=
⋃
{(Z+)i,j : (Z+)i,j ∩ U0 6= ∅} ∪ {0}.
The last equality and Lemma 3.1 implies that U∗0 is an open subset of the space (B(Z+, θ)
0, τ). Since η
is a quotient map and U∗0 = η
−1 (η(U∗0 )), η(U0) is an open subset of the space C
0. This implies that the
quotient semigroup B(Z+, θ)0/η♮ with the quotient topology is a Hausdorff semitopological semigroup.
By Theorem 3.3.15 from [17], B(Z+, θ)0/η♮ with the quotient topology is a locally compact space
with non-isolated zero. Then by Theorem 1 from [22] the quotient semigroup B(Z+, θ)0/η♮ with the
quotient topology is topologically isomorphic to the compact semitopological semigroup (C 0, τAc) (see
Example 3.4). Now, since the natural homomorphism η : (B(Z+, θ)0, τ) → (C 0, τAc) is an open map,
for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ), there exist finitely many subsets (Z+)i,j in
B(Z+, θ)0 such that (Z+)i,j ∩ U0 = ∅.
Next we shall show that for any open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there exist finitely
many subsets (Z+)0,j in B(Z+, θ)0, j ∈ N0, such that (Z+)0,j * U0. Suppose to the contrary that
there exist an open neighbourhood U0 of zero in (B(Z+, θ)0, τ) and infinitely many subsets (Z+)0,j in
B(Z+, θ)0, j ∈ N0, such that (Z+)0,j * U0. Since B(Z+, θ) is a discrete subspace of the locally compact
space (B(Z+, θ)0, τ) without loss of generality we may assume that the neighbourhood U0 is compact.
Then the separate continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists
an open neighbourhood V0 ⊆ U0 such that (0, 1, 0) · V0 ⊆ U0. Also, the assumption that there exist
infinitely many subsets (Z+)0,j in B(Z+, θ)0, j ∈ N0, such that (Z+)0,j * U0 implies that the following
open cover V = {{V0} , {(Z+)i,j : i, j ∈ N0}} of the set U0 does not contain a finite subcover, because
our assumption implies that there does not exist finitely many subsets (Z+)0,j in B(Z+, θ)0, j ∈ N0,
which cover the set {(Z+)0,j : j ∈ N0} ∩ ((0, 1, 0) · V0) \ V0. This contradicts the compactness of U0.
Fix an arbitrary compact open neighbourhood U0 of zero in (B(Z+, θ)0, τ) and a set (Z+)0,j0 ⊆ U0.
Then the following formula
(1, 0Z+, 1)(i, g, j) =
 (1, 0Z+, j + 1), if i = 0;(1, g, j), if i = 1;
(i, g, j), if i > 1,
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i, j ∈ N0, implies that the set (Z+)00,j0 is open-and-closed in (B(Z+, θ)
0, τ) because B(Z+, θ) is a discrete
subspace of (B(Z+, θ)0, τ) and τ is shift-continuous. Then the neighbourhood U0 contains the open-
and-closed discrete subspace (Z+)0,j0 which contradicts the compactness of U0. 
For all non-negative integers k and l we put (Z˜+)0k,l = (Z+)
0
k,l \
{
(k, 0Z+ , l)
}
, Z˜ =
{
(Z˜+)0i,j : i, j ∈ N0
}
and O˜ =
{{
(i, 0Z+ , j)
}
: i, j ∈ N0 and ij = 0
}
. It is obvious that B(Z+, θ) =
⋃
Z˜ ∪
⋃
O˜.
Proposition 4.13. Let θ be the annihilating homomorphism and τ be a locally compact topology on
B(Z+, θ)0 such that (B(Z+, θ)0, τ) is a semitopological semigroup with non-isolated zero 0 and the
induced topology of τ on B(Z+, θ) coincides with the topology τcf . Then the following assertions hold:
(i) for any non-negative integers i and j the set (Z˜+)0i,j is open and compact in (B(Z+, θ)
0, τ) and
hence it is closed;
(ii) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects infinitely many elements of the
family Z˜;
(iii) for every open neighbourhood U0 of zero with the compact closure and any open neighbourhood
V0 of zero in (B(Z+, θ)0, τ) each of sets cl(B(Z+,θ)0,τ)(U0)\V0 and U0 \V0 intersects finitely many
elements of the family Z˜;
(iv) for any non-negative integer i0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects
infinitely many elements of the family Z˜ of the form (Z˜+)0i0,j;
(v) for any non-negative integer i0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects
infinitely many elements of the family Z˜ of the form (Z˜+)0j,i0;
(vi) for any non-negative integer i0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) the
family Hi0 =
{
(Z˜+)0i0,j ∈ Z˜ : (Z˜+)
0
i0,j
∩ U0 = ∅
}
is finite;
(vii) for any non-negative integer i0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) the
family Vi0 =
{
(Z˜+)0j,i0 ∈ Z˜ : (Z˜+)
0
j,i0
∩ U0 = ∅
}
is finite;
(viii) for any non-negative integer i0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) the
set
{
(i0, 0Z+, j) : j ∈ N0
}
\ U0 is finite;
(ix) for any non-negative integer j0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) the
set
{
(i, 0Z+ , j0) : i ∈ N0
}
\ U0 is finite;
(x) for any non-negative integer i0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there
exist finitely many subsets of the form (Z+)0i0,j such that (Z+)
0
i0,j
* U0;
(xi) for any non-negative integer i0 and every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there
exist finitely many subsets of the form (Z+)0j,i0 such that (Z+)
0
i0,j
* U0;
(xii) for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there exist finitely many subsets
(Z+)0i1,j1, . . . , (Z+)
0
ik,jk
such that (Z+)0i1,j1 ∪ . . . ∪ (Z+)
0
ik,jk
∪ U0 = B(Z+, θ)0.
Proof. (i) Since B(Z+, θ) is an open subset of (B(Z+, θ)0, τ) the set (Z˜+)0i,j is open for any non-negative
integers i and j. Moreover, the definition of the topology τcf on B(Z+, θ) implies that (Z˜+)0i,j is compact,
and since τ is Hausdorff, the set (Z˜+)0i,j is closed.
(ii) Suppose to the contrary that there exists an open neighbourhood U0 of zero in (B(Z+, θ)0, τ) which
intersects finitely many elements of the family Z˜. The definition of the topology τcf on B(Z+, θ) implies
that the set (Z˜+)0i,j is compact for all non-negative integers i and j, and hence our assumption implies
that there exists finitely many (Z˜+)0i1,j1, . . . , (Z˜+)
0
ik,jk
∈ Z˜ such that U0 \ {0} ⊆ Z˜+)0i1,j1 ∪ . . .∪ (Z˜+)
0
ik,jk
.
This implies that zero 0 is an isolated point of (B(Z+, θ)0, τ), a contradiction.
(iii) Fix an arbitrary open neighbourhood U0 of zero with the compact closure and an open neigh-
bourhood V0 of zero in (B(Z+, θ)0, τ). Then the family
V =
{
V0,
{
(Z˜+)
0
i,j : i, j ∈ N0
}}
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is an open cover of cl(B(Z+,θ)0,τ)(U0). Since cl(B(Z+,θ)0,τ)(U0) is compact, cl(B(Z+,θ)0,τ)(U0) \ V0 intersects
finitely many elements of the family Z˜, and hence U0 \V0 intersects finitely many elements of the family
Z˜ as well.
(iv) We claim that for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there exists a non-
negative integer i0 such that U0 intersects infinitely many elements of the family Z˜ of the form (Z˜+)0i0,j.
Indeed, suppose to the contrary and pick an open neighbourhood U0 of zero which hasn’t this property.
Without loos of generality we may assume that the closure cl(B(Z+,θ)0,τ)(U0) is a compact set. Then
the separate continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open
neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that V0 · (1, 0Z+, 0) ⊆ U0. Since
(i, z, j) · (1, 0Z+, 0) =
{
(i+ 1, 0Z+, 0), if j = 0;
(i, z, j − 1), if j > 1,
i, j ∈ N0,
our assumption implies that the set U0 \ V0 intersects infinitely many elements of the family Z˜, which
contradicts assertion (iii).
Next we suppose that that for an arbitrary open neighbourhood W0 of zero in (B(Z+, θ)0, τ) there
exists a non-negative integer i0 such that W0 intersects infinitely many elements of the family Z˜ of
the form (Z˜+)0i0,j . We shall prove that for an arbitrary non-negative integer k the neighbourhood W0
intersects infinitely many elements of the family Z˜ of the form (Z˜+)0k,j. The separate continuity of the
semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open neighbourhood V0 ⊆W0 of zero
in (B(Z+, θ)0, τ) such that (k, 0Z+ , i0) · V0 ⊆ W0, and hence our assertion holds.
The proof of statement (v) is similar to (iv).
(vi) Suppose to the contrary that there exist a non-negative integer i0 and an open neighbourhood U0
of zero with the compact closure in (B(Z+, θ)0, τ) such that the family Hi0 is infinite. Then the separate
continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open neighbourhood
V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that V0 · (1, 0Z+, 0) ⊆ U0. By (iv) the neighbourhood U0 intersects
infinitely many elements of the family Z˜ of the form (Z˜+)0i0,j. Then our assumption and the following
formula
(i, z, j) · (1, 0Z+, 0) =
{
(i+ 1, 0Z+, 0), if j = 0;
(i, z, j − 1), if j > 1,
i, j ∈ N0,
imply that the set U0\V0 intersects infinitely many elements of the family Z˜, which contradicts assertion
(iii).
The proof of statement (vii) is similar to (vi).
(viii) Fix an arbitrary non-negative integer i0. Suppose to the contrary that there exists an open
neighbourhood U0 of zero with compact closure in (B(Z+, θ)0, τ) such that the set
{
(i0, 0Z+ , j) : j ∈ N0
}
\
U0 is infinite. Since for any non-negative integer j the subspace (Z+)0,j is open and discrete in
(B(Z+, θ)0, τ), our above assumption implies that the set
{
(i0, 0Z+, j) : j ∈ N0
}
\ cl(B(Z+,θ)0,τ)(U0) is
infinite too. By (i) for every non-negative integer j the set (Z˜+)0i0,j is compact and hence the dis-
creetness of (Z)i0,j implies that (Z˜+)
0
i0,j
∩ U0 is compact, as well. Then the separate continuity of the
semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open neighbourhood V0 ⊆ U0 of zero
in (B(Z+, θ)0, τ) such that (i0, 1Z+ , i0) · V0 ⊆ U0, where 1Z+ is a generator of the additive group of
integers Z+. By (vi) there exist finitely many (Z˜+)0i0,j ∈ Z˜ such that (Z˜+)
0
i0,j
∩ U0 = ∅. Then our
assumption and the equality
(i0, 1Z+ , i0) · (i0, z, j) = (i0, 1Z+ + z, j), j ∈ N0,
imply that the set U0\V0 intersects infinitely many elements of the family Z˜, which contradicts assertion
(iii).
The proof of statement (ix) is similar to (viii).
(x) Suppose to the contrary that there exist a non-negative integer i0, an open neighbourhood U0 of
zero with the compact closure in (B(Z+, θ)0, τ) and infinitely many subsets of the form (Z+)0i0,j such
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that (Z+)0i0,j * U0. Then the separate continuity of the semigroup operation in (B(Z+, θ)
0, τ) implies
that there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (i0, 1Z+ , i0)·V0 ⊆ U0,
where 1Z+ is a generator of the additive group of integers Z+. By statement (viii) there exist finitely
many subsets of the form (Z+)0i0,j such that (Z+)
0
i0,j
∩ U0 = ∅. Then our assumption and the equality
(i0, 1Z+ , i0) · (i0, z, j) = (i0, 1Z+ + z, j), j ∈ N0,
imply that the set U0\V0 intersects infinitely many elements of the family Z˜, which contradicts statement
(iii).
The proof of statement (xi) is similar to (x).
(xii) Suppose to the contrary that there exists an open neighbourhood U0 of zero with the compact
closure in (B(Z+, θ)0, τ) such that
(Z+)
0
i1,j1
∪ . . . ∪ (Z+)
0
ik,jk
∪ U0 6= B(Z+, θ)
0
for any finite family
{
(Z+)0i1,j1, . . . , (Z+)
0
ik ,jk
}
. This assumption, statements (x) and (xi) imply that
there exists an infinite sequence {(in, gn, jn) : n ∈ N} in B(Z+, θ)0 \ U0 such that gn ∈ Z+ for n ∈ N,
{in : n ∈ N} and {jn : n ∈ N} are increasing sequences of the positive integers.
Also, statements (x) and (xi) imply that without loss of generality we may assume that for elements
of the sequence {(in, gn, jn) : n ∈ N} the following condition holds:
(in + 1, gn, jn), (in, gn, jn + 1) ∈ U0.
By the separate continuity of the semigroup operation in (B(Z+, θ)0, τ) there exists an open neighbour-
hood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that
(0, 0Z+, 1) · V0 ⊆ U0 and V0 · (1, 0Z+, 0) ⊆ U0.
Then statements (x) and (xi), our assumption and the equalities
(0, 0Z+, 1) · (i, z, j) = (i− 1, z, j) and (i, z, j) · (1, 0Z+ , 0) = (i, z, j − 1), i, j ∈ N0,
imply that the set U0\V0 intersects infinitely many elements of the family Z˜, which contradicts (iii). 
Theorem 4.14. Let θ be the annihilating homomorphism and τ be a shift-continuous locally compact
topology on B(Z+, θ)0 such that the induced topology of τ on B(Z+, θ) coincides with the topology
τcf . Then either (B(Z+, θ)0, τ) is compact or zero is an isolated point in (B(Z+, θ)0, τ). Moreover,
(B(Z+, θ)0, τ) is compact, then the family
B0 =
{
O0 = B(Z+, θ)
0 \ (Mp1 ∪ · · · ∪Mpk) : p1, . . . , pk ∈ N
}
,
where for any positive integer p the set Mp is one of the following sets:
{(
0, 0Z+ , j
)}
,
{(
i, 0Z+ , 0
)}
or
(Z˜+)0m,n, i, j ∈ N0, m,n ∈ N, defines a base of the topology τ at zero 0 of B(Z+, θ)
0.
Proof. It is obvious that (B(Z+, θ), τcf ) with the adjoined isolated zero is a locally compact semitopo-
logical semigroup.
Later we assume that zero 0 is non-isolated point of (B(Z+, θ)0, τ).
By Proposition 4.13(i) for any non-negative integers i and j the set (Z˜+)0i,j is open and compact in
(B(Z+, θ)0, τ), and hence by Proposition 2.4(i) and the definition of the topology τcf on B(Z+, θ) we
have that (0, 0Z+ , i) and (j, 0Z+ , 0) are isolated point in (B(Z+, θ)
0, τ) for all non-negative integers i
and j. For any non-negative integers i and j put
Ai,j =

(Z˜+)00,j ∪
{(
0, 0Z+ , j
)}
, if i = 0;
(Z˜+)0i,0 ∪
{(
i, 0Z+ , 0
)}
, if j = 0;
(Z˜+)0i,j ∪ (Z˜+)
0
i−1,j−1, if i 6= 0 and j 6= 0.
Then for any non-negative integers i and j we have that (Z+)0i,j ⊆ Ai,j and Ai,j is a compact open
subset of (B(Z+, θ)0, τ). By Proposition 4.13(xii) for an arbitrary open neighbourhood U0 of zero in
(B(Z+, θ)0, τ) there exist finitely many subsets (Z+)0i1,j1, . . . , (Z+)
0
ik,jk
such that (Z+)0i1,j1∪. . .∪(Z+)
0
ik,jk
∪
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U0 = B(Z+, θ)0. Then O(U0) = B(Z+, θ)0 \ (Ai1,j1 ∪ · · · ∪ Aik,jk) is an open-and-closed neighbourhood
of zero in (B(Z+, θ)0, τ) such that O(U0) ⊆ U0. This implies that if the family {Uα0 }α∈Ω is a base of the
topology τ at zero of B(Z+, θ)0, then so constructed family {O(Uα0 )}α∈Ω is a base of the topology τ at
zero of B(Z+, θ)0 too. This completes the last statement of the theorem. 
For all non-negative integers k and l we put (−N)k,l = {(k,−n, l) : n ∈ N}, N
+ =
{
N0i,j : i, j ∈ N0
}
and N− =
{
(−N)i,j : i, j ∈ N0
}
.
Proposition 4.15. If θ is the annihilating homomorphism, τ is a locally compact shift-continuous
topology on B(Z+, θ)0 such that zero 0 is a non-isolated point in (B(Z+, θ)0, τ) and the induced topology
of τ on B(Z+, θ) coincides with τ+, then the following assertions hold:
(i) for any non-negative integers i and j the set N0i,j is open and compact in (B(Z+, θ)
0, τ) and
hence it is closed;
(ii) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects infinitely many elements of the
family N+;
(iii) for any non-negative integer i0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects
almost all elements of the family N+ of the form N0i0,j;
(iv) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains almost all elements of the form
(0, 0Z+, j), j ∈ N0;
(v) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains almost all subsets of the form
(Z+)00,j, j ∈ N0.
Proof. (i) Since B(Z+, θ) is an open subset of (B(Z+, θ)0, τ), by the definition of τ+ the set N0i,j is open
for any non-negative integers i and j. Moreover, the definition of the topology τ+ on B(Z+, θ) implies
that N0i,j is compact, and since τ is Hausdorff, N
0
i,j is closed.
(ii) Suppose to the contrary that there exists an open neighbourhood U0 of zero with the compact
closure in (B(Z+, θ)0, τ) which intersects finitely many elements of the family N+. By the definition
of the topology τ+ on B(Z+, θ) the set N0i,j is compact for all non-negative integers i and j, and hence
without loss of generality we may assume that U0 ∩
⋃
N+ = ∅. By the equality
(k, 0Z+ , k) · (i, z, j) =
{
(k, 0Z+ , k + j − i), if k > i;
(i, z, j), if k 6 i,
i, j, k ∈ N0,
the separate continuity of the semigroup operation in (B(Z+, θ)0, τ) and assertion (i) the set
ρ−1(k+1,0Z+ ,k+1)
(
N0k,l
)
=
{
(Z˜+)0k,l ∪ (Z˜+)
0
k−1,l−1 ∪ · · · ∪ (Z˜+)
0
k−l,0 ∪ {(k − l, 0Z, 0)} , if k > l;
(Z˜+)0k,l ∪ (Z˜+)
0
k−1,l−1 ∪ · · · ∪ (Z˜+)
0
0,l−k ∪ {(0, 0Z, l − k)} , if k 6 l
is open-and-closed in (B(Z+, θ)0, τ). This and the definition of the topology τ+ imply that the set (Z˜+)0k,l
is opens-and-closed and the points (0, 0Z+, k) and (k, 0Z+ , 0) are isolated in (B(Z+, θ)
0, τ) for all k, l ∈ N0.
By the definition of the topology τ+ and statement (i) we have that (−N)k,l = (Z˜+)
0
k,l \N
0
k,l is an open-
and-closed discrete subspace of (B(Z+, θ)0, τ) for all k, l ∈ N0. This implies that the set U0 ∩ (−N)k,l
is finite for all k, l ∈ N0. By the separate continuity of the semigroup operation of (B(Z+, θ)0, τ) there
exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that V0 · (1, 0Z+ , 0) ⊆ U0. Then by
the equality
(i, z, j) · (1, 0Z+, 0) =
{
(i+ 1, 0Z+, 0), if j = 0;
(i, z, j − 1), if j > 1,
i, j ∈ N0,
we have that U0 \ V0 is an infinite subset of the compactum cl(B(Z+,θ)0,τ)(U(0)), and the definition
of the topology τ+ on B(Z+, θ) implies that the set U0 \ V0 does not have an accumulation point in
cl(B(Z+,θ)0,τ)(U0), which contradicts the compactness of cl(B(Z+,θ)0,τ)(U0).
(iii) We claim that for every open neighbourhood U0 of zero with the compact closure in (B(Z+, θ)0, τ)
there exists a non-negative integer i0 such that U0 intersects infinitely many elements of the form N0i0,j.
Indeed, assume the contrary and pick U0 which has not this property. Without loss of generality we
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may assume that the neighbourhood U0 has the compact closure cl(B(Z+,θ)0,τ)(U0). By item (ii) there
exists an increasing sequence {in}n∈N of positive integers such that N
0
in,jn
∩U0 6= ∅ for some sequence of
non-negative integers {jn}n∈N. Then for every element ip of the sequence {in}n∈N there exits a maximum
non-negative integer jip such that N
0
ip,jip
∩U0 6= ∅ and N0ip,jip+k ∩U0 = ∅ for any positive integer k. By
the separate continuity of the semigroup operation of (B(Z+, θ)0, τ) there exists an open neighbourhood
V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that V0 · (0, 0Z+, 1) ⊆ U0. The above arguments imply that there
exists a sequence of distinct points {(in, zn, jin)}n∈N ⊆ U0 \ V0 ⊂ cl(B(Z+,θ)0,τ)(U0). Then the definition
of the topology τ+ on B(Z+, θ) implies that this sequence has not an accumulation point in the set
cl(B(Z+,θ)0,τ)(U0) which contradicts the compactness of cl(B(Z+,θ)0,τ)(U0).
By the above for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there exists a non-negative
integer i0 such that U0 ∩ N0i0,j 6= ∅ for infinitely many elements of the family N
+ of the form N0i0,j.
Since the semigroup operation in (B(Z+, θ)0, τ) is separately continuous, for any non-negative integer
i there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (i, 0Z+ , i0) · V0 ⊆ U0.
Thus U0 ∩ N0i,j 6= ∅ for infinitely many elements of the family N
+ of the form N0i,j. Hence we get that
U0 ∩ N00,j 6= ∅ for infinitely many elements of the family N
+ of the form N00,j.
Suppose that there exists an infinite increasing sequence {jn}n∈N such that U0 ∩ N
0
0,jn = ∅ for
any elements jn of {jn}n∈N. Without loss of generality we may assume that the sequence {jn}n∈N is
maximal, i.e., U0 ∩N00,j 6= ∅ for any non-negative integer j /∈ {jn}n∈N. Then there exists a subsequence
{jnk}k∈N of {jn}n∈N such that U0 ∩ N
0
0,jnk
= ∅ and U0 ∩ N00,jnk+1 6= ∅. The separate continuity of the
semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open neighbourhood V0 ⊆ U0 of zero
in (B(Z+, θ)0, τ) such that (1, 0Z+, 0) ·V0 ⊆ U0. It is obvious that our above arguments imply that there
exists a sequence of distinct points {(0, znk , jnk)}n∈N ⊆ U0 \ V0 which is a subset of the compactum
cl(B(Z+,θ)0,τ)(U0). Then the definition of the topology τ+ on B(Z+, θ) implies that this sequence has not
an accumulation point in cl(B(Z+,θ)0,τ)(U0) which contradicts the compactness of cl(B(Z+,θ)0,τ)(U0). Hence
we have that every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects almost all elements of
the form N00,j. Again, since the semigroup operation in (B(Z+, θ)
0, τ) is separately continuous, for any
non-negative integer i there exists an open neighbourhood W0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that
(i, 0Z+ , i0) ·W0 ⊆ U0. The last inclusion implies assertion (iii).
(iv) Fix an arbitrary open neighbourhood U0 of zero in (B(Z+, θ)0, τ). Without loss of generality
we may assume that the neighbourhood U0 has the compact closure cl(B(Z+,θ)0,τ)(U0). By statement
(iii) the neighbourhood U0 intersects almost all elements of the family N
+ of the form N00,j and by the
separate continuity of the semigroup operation in (B(Z+, θ)0, τ) there exists an open neighbourhood
V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (1, 0Z+ , 1) · V0 ⊆ U0. Since (1, 0Z+, 1) · (0, z, k) = (0, 0Z+ , k)
the inclusion (1, 0Z+ , 1) · V0 ⊆ U0 implies our assertion.
(v) Fix an arbitrary open neighbourhood U0 of zero with the compact closure in (B(Z+, θ)0, τ). The
separate continuity of the semigroup operation of (B(Z+, θ)0, τ) implies that for every element k of the
additive group of integers Z+ there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such
that (0, k, 0) · V0 ⊆ U0. By statement (iv) the neighbourhood U0 contains almost all elements of the
form (0, 0Z+, j) and hence the above arguments imply statement (v). 
Theorem 4.16. Let θ be the annihilating homomorphism and τ be a shift-continuous locally compact
topology on B(Z+, θ)0 such that the induced topology of τ onto B(Z+, θ) coincides with the topology τ+.
Then zero 0 of B(Z+, θ)0 is an isolated point in (B(Z+, θ)0, τ).
Proof. First we observe that Example 4.8 and Proposition 4.15 imply that for all non-negative integers
i and j and any n ∈ Z+ the point (i, n, j) is isolated in (Z+)0i,j. Then the proof of assertion (ii) of
Proposition 4.15 implies that the set (Z+)00,j is open-and-closed in (B(Z+, θ)
0, τ) for any non-negative
integer j.
Fix an arbitrary open neighbourhood U0 of zero with the compact closure in (B(Z+, θ)0, τ). By
Proposition 4.15(v) there exists a positive integer j0 such that (Z+)00,j0 ⊆ U0 and hence (Z+)
0
0,j is
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an open-and-closed subset of cl(B(Z+,θ)0,τ)(U(0)). But (Z+)
0
0,j is not compact, which contradicts the
compactness of cl(B(Z+,θ)0,τ)(U(0)). 
The proof of the following theorem is similar to Theorem 4.16.
Theorem 4.17. Let θ be the annihilating homomorphism and τ be a shift-continuous locally compact
topology on B(Z+, θ)0 such that the induced topology of τ onto B(Z+, θ) coincides with the topology τ−.
Then zero 0 of B(Z+, θ)0 is an isolated point in (B(Z+, θ)0, τ).
Later we need the following two folklore lemmas.
Lemma 4.18. Let θ : Z+ → Z+ be a homomorphism. Then the image θ(Z+) is isomorphic to the
additive group of integers Z+ if and only if θ is non-annihilating.
Proof. The implication (⇒) is trivial.
(⇐) Suppose that a homomorphism θ is non-annihilating. Since the group Z+ is generated by the
element 1 we have that θ(1) = n 6= 0Z+ ∈ θ(Z+) ⊆ Z+ for some integer n. This implies that the image
θ(Z+) generated by the element n as a subgroup of Z+, and since Z+ is isomorphic to the free group
over a singleton set, θ(Z+) is isomorphic to the subgroup nZ+ = {nk : k ∈ Z+} of Z+. It is obvious
that nZ+ is isomorphic to Z+. 
Lemma 4.19. If θ : Z+ → Z+ is an arbitrary non-annihilating homomorphism then for arbitrary posi-
tive integer i and an arbitrary a ∈ Z+ the equation θi(x) = a has at most one solution.
Proof. Suppose that θ(1) = n for some n ∈ Z+ \ {0Z+}. Since the homomorphism θ : Z+ → Z+ is
non-annihilating, it is obvious that the equation θi(x) = a has a unique solution if and only if a = nib
for some integer b, and in the other case the equation (x)θi = a hasn’t a solution. 
Proposition 4.20. Let θ : Z+ → Z+ be an arbitrary non-annihilating homomorphism. Then both
equations α · χ = β and χ · γ = δ have finitely many solutions in B(Z+, θ).
Proof. We consider only the case of α · χ = β. The proof in the other case is similar.
Put
α = (n1, z1, m1) , β = (n2, z2, m2) and χ = (n, z,m) .
Then the semigroup operation of B(Z+, θ) implies that
(n2, z2, m2) = (n1, z1, m1) · (n, z,m) =
 (n1, z1 + θ
m1−n(z), m1 − n+m) , if m1 > n;
(n1, z1 + z,m) , if m1 = n;
(n1 −m1 + n, θ
n−m1(z1) + z,m) , if m1 < n.
Then
(1) in the case when m1 < n we have that n = n2 − n1 +m1, m = m2 and z = z2 − θ
n−m1(z1);
(2) in the case when m1 = n we have that m = m2 and z = z2 − z1;
(3) in the case when m1 > n we have that n1 = n2, n−m = m2 −m1 and θ
m1−n(z) = z2 − z1.
Now, the above three cases and Lemma 4.19 imply the statement of the proposition. 
We recall that a topological space X is said to be Baire, if for each sequence A1, A2, . . . , Ai, . . . of
open dense subsets of X the intersection
⋂∞
i=1Ai is dense in X . [30]. It is well known that every
Cˇech-complete (and hence every locally compact) space is Baire (see [17, Section 3.9]).
The following theorem describes Baire T1-semitopological semigroups (B(Z+, θ), τ) with a non-anni-
hilating homomorphism θ.
Theorem 4.21. If θ is an arbitrary non-annihilating homomorphism then every shift-continuous Baire
T1-topology on B(Z+, θ) is discrete.
Proof. Since the space (B(Z+, θ), τ) is Baire and countable, (B(Z+, θ), τ) contains an isolated point
(i0, z0, j0), where i0 and j0 are non-negative integers and z0 ∈ Z+. Fix an arbitrary element (i1, z1, j1) ∈
B(Z+, θ). Then
(i0, z0 − z1, i1)(i1, z1, j1)(j1, 0Z+, j0) = (i0, z0, j0).
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Proposition 4.20 implies that the equation
(i0, z0 − z1, i1) · χ · (j1, 0Z+ , j0) = (i0, z0, j0)
has a finite non-empty set of solutions. Since τ is a T1-topology on B(Z+, θ) the separate continuity
of the semigroup operation in (B(Z+, θ), τ) implies that the map f : B(Z+, θ) → B(Z+, θ), f(x) =
(i0, z0 − z1, i1) · x · (j1, 0Z+, j0) is continuous and hence (i1, z1, j1) is an isolated point of (B(Z+, θ), τ).
Therefore, (B(Z+, θ), τ) is the discrete space. 
Theorem 4.21 implies the following corollary.
Corollary 4.22. If θ is an arbitrary non-annihilating homomorphism then every shift-continuous locally
compact T1-topology on B(Z+, θ) is discrete.
Now we obtain the description of Baire T1-semitopological semigroups (B(Z+, θ)0, τ) with a non-an-
nihilating homomorphism θ.
Theorem 4.23. Let θ be an arbitrary non-annihilating homomorphism and τ be a shift-continuous
Baire T1-topology on B(Z+, θ)0. Then every non-zero element of the semigroup B(Z0+, θ)
0 is an isolated
point in
(
B(Z0+, θ)
0, τ
)
.
Proof. Since (B(Z+, θ)0, τ) is a Baire T1-space, B(Z+, θ) is its open subspace, and hence by Proposi-
tion 1.14 from [30], B(Z+, θ) is Baire, too. Next we apply Theorem 4.21. 
Theorem 4.23 implies the following corollary.
Corollary 4.24. Let θ be an arbitrary non-annihilating homomorphism and τ be a shift-continuous
locally compact T1-topology on B(Z+, θ)0. Then every non-zero element of the semigroup B(Z0+, θ)
0 is
an isolated point in
(
B(Z0+, θ)
0, τ
)
.
Proposition 4.25. Let θ be an arbitrary non-annihilating homomorphism and (B(Z+, θ)0, τ) be a
locally compact semitopological semigroup with non-isolated zero 0. Then the following assertions hold:
(i) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects infinitely many sets of the form
Zi,j, i, j ∈ N0;
(ii) for any non-negative integer i0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) intersects
almost all sets of the form Zi0,j, j ∈ N0;
(iii) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains almost all elements of the form
(0, 0Z+, j), j ∈ N0;
(iv) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains almost all subsets of the form
(Z+)0,j, j ∈ N0;
(v) for any non-negative integer i0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains
almost all subsets of the form (Z+)i0,j, j ∈ N0;
(vi) for any non-negative integer j0 every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains
almost all subsets of the form (Z+)i,j0, i ∈ N0;
(vii) every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) contains almost all subsets of the form
(Z+)i,j, i, j ∈ N0;
(viii) for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) the set B(Z+, θ)0 \ U0 is finite.
Proof. (i) Suppose to the contrary that there exists an open neighbourhood U0 of zero the compact
closure in (B(Z+, θ)0, τ) which intersects finitely many sets of the form Zi,j . By the separate continuity
of the semigroup operation of (B(Z+, θ)0, τ) there exists an open neighbourhood V0 ⊆ U0 of zero in
(B(Z+, θ)0, τ) such that V0 · (1, 0Z+, 0) ⊆ U0. Then the equality
(i, z, j) · (1, 0Z+, 0) =
{
(i+ 1, 0Z+, 0), if j = 0;
(i, z, j − 1), if j > 1,
i, j ∈ N0,
implies that U0 \ V0 is an infinite subset of the compactum cl(B(Z+,θ)0,τ)(U0) and by Theorem 4.21,
B(Z+, θ) is a discrete subspace of (B(Z+, θ)0, τ). This implies that the set U0 \ V0 does not have an
accumulation point in cl(B(Z+,θ)0,τ)(U0), which contradicts the compactness of cl(B(Z+,θ)0,τ)(U0).
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(ii) We claim that for every open neighbourhood U0 of zero with the compact closure in (B(Z+, θ)0, τ)
there exists a non-negative integer i0 such that U0 intersects infinitely many sets of the form Zi0,j. If
we assume to the contrary then by (i) there exists an increasing sequence {in}n∈N of positive integers
such that Zin,jn ∩ U0 6= ∅ for some sequence of non-negative integers {jn}n∈N. Then for every element
ip of the sequence {in}n∈N there exits a maximum non-negative integer jip such that Zip,jip ∩ U0 6=
∅ and Zip,jip+k ∩ U0 = ∅ for any positive integer k. By the separate continuity of the semigroup
operation of (B(Z+, θ)0, τ) there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such
that V0 · (0, 0Z+, 1) ⊆ U0. Then the equality
(i, z, j) · (0, 0Z+ , 1) = (i, z, j + 1), j ∈ N0, z ∈ Z+,
implies that there exists a sequence of distinct points {(in, zn, jin)}n∈N ⊆ U0 \V0 which is a subset of the
compactum cl(B(Z+,θ)0,τ)(U0). By Corollary 4.22, B(Z+, θ) is a discrete subspace of (B(Z+, θ)
0, τ), and
hence this sequence has not an accumulation point in cl(B(Z+,θ)0,τ)(U0) which contradicts the compactness
of cl(B(Z+,θ)0,τ)(U0).
By the previous part of the proof for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) there exists
a non-negative integer i0 such that U0∩Zi0,j 6= ∅ for infinitely many sets of the form Zi0,j, j ∈ N∪{0}.
Since the semigroup operation in (B(Z+, θ)0, τ) is separately continuous, for any non-negative integer
i there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (i1, 0Z+ , i0) · V0 ⊆ U0.
The last inclusion implies that for every open neighbourhood U0 of zero in (B(Z+, θ)0, τ) and any non-
negative integer i1 we have that U0 ∩ Zi,j 6= ∅ for infinitely many sets of the form Zi1,j, j ∈ N0. Hence
we get that U0 ∩ Z0,j 6= ∅ for infinitely many sets of the form Z0,j , j ∈ N0.
Suppose that there exists an infinite increasing sequence {jn}n∈N of non-negative integers such that
U0 ∩ Z0,jn = ∅ for any element jn of {jn}n∈N. Without loss of generality we may assume that the
sequence {jn}n∈N is maximal, i.e., U0 ∩ Z0,j 6= ∅ for any non-negative integer j /∈ {jn}n∈N. Then there
exists a subsequence {jnk}k∈N in {jn}n∈N such that U0∩Z0,jnk = ∅ and U0∩Z0,jnk+1 6= ∅. The separate
continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open neighbourhood
V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (1, 0Z+, 0) · V0 ⊆ U0. Then the equality
(1, 0Z+, 0) · (i, z, j) = (i+ 1, z, j), j ∈ N0, z ∈ Z+,
implies that there exists a sequence of distinct points {(0, znk , jnk)}n∈N ⊆ U0\V0 which is a subset of the
compactum cl(B(Z+,θ)0,τ)(U0). By Corollary 4.22, B(Z+, θ) is a discrete subspace of (B(Z+, θ)
0, τ) and
hence this sequence has not an accumulation point in cl(B(Z+,θ)0,τ)(U0) which contradicts the compactness
of cl(B(Z+,θ)0,τ)(U0). This implies that every open neighbourhood U0 of zero in (B(Z+, θ)
0, τ) intersects
almost all sets of the form Zi0,j, j ∈ N0. Again, since the semigroup operation in (B(Z+, θ)
0, τ) is
separately continuous, for any non-negative integer i there exists an open neighbourhood W0 ⊆ U0 of
zero in (B(Z+, θ)0, τ) such that (i, 0Z+ , i0) ·W0 ⊆ U0. The last inclusion implies assertion (ii).
(iii) Fix an arbitrary open neighbourhood U0 of zero in (B(Z+, θ)0, τ). Then by (ii) the set U0
intersects almost all sets of the form Zi0,j, j ∈ N0. By the separate continuity of the semigroup
operation of (B(Z+, θ)0, τ) exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that
(1, 0Z+ , 1) · V0 ⊆ U0. Since (1, 0Z+ , 1) · (0, z, k) = (0, 0Z+, k) the inclusion (1, 0Z+, 1) · V (0) ⊆ U0 implies
our assertion.
(iv) Fix an arbitrary open neighbourhood U0 of zero in (B(Z+, θ)0, τ). The separate continuity of the
semigroup operation of (B(Z+, θ)0, τ) implies that for every element k of the additive group of integers
Z+ there exists an open neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (0, k, 0) · V0 ⊆ U0.
By statement (iii) the neighbourhood U0 contains almost all elements of the form (0, 0Z+ , j) and hence
the inclusion (0, k, 0) · V0 ⊆ U0 implies the statement.
(v) Fix an arbitrary open neighbourhood U0 of zero in (B(Z+, θ)0, τ). By (iv) the neighbourhood U0
contains almost all subsets of the form (Z+)0,j , j ∈ N0. Since the semigroup operation in (B(Z+, θ)0, τ)
is separately continuous, for any non-negative integer i there exists an open neighbourhood V0 ⊆ U0 of
zero in (B(Z+, θ)0, τ) such that (i0, 0Z+ , 0) · V0 ⊆ U0, which implies the assertion.
The proof of assertion (vi) is similar to (v).
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(vii) If we assume to the contrary then by items (v) and (vi) there exist an open neighbourhood U0
of zero with the compact closure in (B(Z+, θ)0, τ) and an increasing sequence {(in, in)}n∈N of ordered
pairs of positive integers such that Zin,jn ∩ U0 = ∅ and Zin,jn+k ∩ U0 = ∅ for any positive integer k.
The separate continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open
neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (1, 0Z+ , 0) · V0 ⊆ U0. Then the equality
(1, 0Z+, 0) · (i, z, j) = (i+ 1, z, j), j ∈ N0, z ∈ Z+,
implies that there exists a sequence of distinct points {(0, znk , jnk)}n∈N ⊆ U0\V0 which is a subset of the
compactum cl(B(Z+,θ)0,τ)(U0). By Corollary 4.22, B(Z+, θ) is a discrete subspace of (B(Z+, θ)
0, τ) and
hence this sequence has not an accumulation point in cl(B(Z+,θ)0,τ)(U0) which contradicts the compactness
of cl(B(Z+,θ)0,τ)(U0).
(viii) Suppose to the contrary that there exists an open neighbourhood U0 of zero with the compact
closure in (B(Z+, θ)0, τ) such that the set B(Z+, θ)0 \ U0 is infinite. By assertion (vii) there exist
non-negative integers i0 and j0 such that the set Zi0,j0 \ U0 is infinite and the set Zi0,j0+1 \ U0 is finite.
The separate continuity of the semigroup operation in (B(Z+, θ)0, τ) implies that there exists an open
neighbourhood V0 ⊆ U0 of zero in (B(Z+, θ)0, τ) such that (1, 0Z+ , 0) · V0 ⊆ U0. Then the equality
(1, 0Z+, 0) · (i, z, j) = (i+ 1, z, j), j ∈ N0, z ∈ Z+,
implies that there exists a sequence of distinct points {(i0, zn, j0 + 1)}n∈N ⊆ Zi0,j0+1 \ V0 ⊆ U0 \ V0
which is a subset of the compactum cl(B(Z+,θ)0,τ)(U0). By Corollary 4.22, B(Z+, θ) is a discrete subspace
of (B(Z+, θ)0, τ) and hence this sequence has not an accumulation point in cl(B(Z+,θ)0,τ)(U0) which
contradicts the compactness of cl(B(Z+,θ)0,τ)(U0). 
The following example shows that the Reilly semigroup B(Z+, θ)0 with a non-annihilating homomor-
phism θ admits the structure of a Hausdorff compact semitopological inverse semigroup with continuous
inversion.
Example 4.26. Let θ : Z+ → Z+ be an arbitrary non-annihilating homomorphism. We define a
topology τAC on the semigroup B(Z+, θ)0 in the following way:
(i) all non-zero elements of the semigroup B(Z+, θ)0 are isolated points in (B(Z+, θ)0, τAC);
(ii) the family BAC(0) = {U : 0 ∈ U and B(Z+, θ)0 \ U is finite} is a base of the topology τAC at zero
0 ∈ B(Z+, θ)0.
It is obvious that the space (B(Z+, θ)0, τAC) is the one-point Alexandroff compactification of the discrete
space B(Z+, θ) with the remainder {0}. Proposition 4.20 implies that both equations α · χ = β and
χ · γ = δ have finitely many solutions in B(Z+, θ). Then for every open neighbourhood U0 of zero in
(B(Z+, θ)0, τAC) and any non-zero element (i, z, j) ∈ B(Z+, θ)0 the sets{
x ∈ B(Z+, θ)
0 : x · (i, z, j) ∈ B(Z+, θ)
0 \ U0
}
and
{
x ∈ B(Z+, θ)
0 : (i, z, j) · x ∈ B(Z+, θ)
0 \ U0
}
are finite. Hence for any open neighbourhood U0 of zero in (B(Z+, θ)0, τAC) and any non-zero element
(i, z, j) ∈ B(Z+, θ)0 there exists a neighbourhood V0 of zero such that
(i, z, j) · V0 ⊆ U0 and V0 · (i, z, j) ⊆ U0,
which implies that the semigroup operation in (B(Z+, θ)0, τAC) is separately continuous. It is easy to
see that the space (B(Z+, θ)0, τAC) is Hausdorff and inversion in (B(Z+, θ)0, τAC) is continuous.
Corollary 4.24, Proposition 4.25 and Example 4.26 imply the following dichotomy for a locally com-
pact T1-semitopological semigroup (B(Z+, θ)0, τ) with a non-annihilating homomorphism θ.
Theorem 4.27. Let θ be an arbitrary non-annihilating homomorphism and (B(Z+, θ)0, τ) be a lo-
cally compact T1-semitopological semigroup. Then either (B(Z+, θ)0, τ) is topologically isomorphic to
(B(Z+, θ)0, τAC) or τ is discrete.
Theorem 4.27 implies the following corollary.
Corollary 4.28. Every locally compact T1-topological semigroup (B(Z+, θ)0, τ) with a non-annihilating
homomorphism θ is the discrete space.
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5. On the closure of the discrete semigroup B(Z+, θ) with a non-annihilating
homomorphism θ
The following proposition extends Theorem I.3 from [15].
Proposition 5.1. Let θ be an arbitrary non-annihilating homomorphism and B(Z+, θ) is a discrete
dense subsemigroup of a semitopological monoid S such that I = S \ B(Z+, θ) 6= ∅. Then I is a
two-sided ideal of S.
Proof. Fix an arbitrary element y ∈ I. If xy = z /∈ I for some x ∈ B(Z+, θ), then there exists an
open neighbourhood U(y) of the point y in the space S such that {x} · U(y) = {z} ⊂ B(Z+, θ). The
neighbourhood U(y) contains infinitely many elements of the semigroup B(Z+, θ). This contradicts
Proposition 4.20. The obtained contradiction implies that xy ∈ I for all x ∈ B(Z+, θ) and y ∈ I. The
proof of the statement that yx ∈ I for all x ∈ B(Z+, θ) and y ∈ I is similar.
Suppose to the contrary that xy = w /∈ I for some x, y ∈ I. Then w ∈ B(Z+, θ) and the separate
continuity of the semigroup operation in S implies that there exist open neighbourhoods U(x) and
U(y) of the points x and y in S, respectively, such that {x} · U(y) = {w} and U(x) · {y} = {w}. Since
both neighbourhoods U(x) and U(y) contain infinitely many elements of the semigroup B(Z+, θ), both
equalities {x} · U(y) = {w} and U(x) · {y} = {w} contradict mentioned above Proposition 4.20. The
obtained contradiction implies that xy ∈ I. 
Later we need the following trivial lemma, which follows from separate continuity of the semigroup
operation in semitopological semigroups.
Lemma 5.2. Let S be a semitopological semigroup and I be a compact ideal in S. Then the Rees-
quotient semigroup S/I with the quotient topology is a Hausdorff semitopological semigroup.
Theorem 5.3. Let θ be an arbitrary non-annihilating homomorphism and (B(Z+, θ)I , τ) be a lo-
cally compact semitopological semigroup, where B(Z+, θ)I = B(Z+, θ) ⊔ I and I is a compact ideal
of B(Z+, θ)I . Then either (B(Z+)I , τ) is compact or I is an open subset of (B(Z+)I , τ).
Proof. Since I is a compact ideal of B(Z+, θ)I , Corollary 3.3.10 of [17] implies that B(Z+, θ) is a locally
compact subspace of (B(Z+, θ)I , τ), and hence by Corollary 4.22, B(Z+, θ) is the discrete space.
Suppose that I is not open. By Lemma 5.2 the Rees-quotient semigroup B(Z+, θ)I/I with the
quotient topology τq is a semitopological semigroup. Let pi : B(Z+, θ)I → B(Z+, θ)I/I be the natural
homomorphism which is a quotient map. It is obvious that the Rees-quotient semigroup B(Z+, θ)I/I
is isomorphic to the semigroup B(Z+, θ)0 and the image pi(I) corresponds zero 0 of B(Z+, θ)0. Now we
shall show that the natural homomorphism pi : B(Z+, θ)I → B(Z+, θ)I/I is a hereditarily quotient map.
Since pi(B(Z+, θ)) is a discrete subspace of (B(Z+, θ)I/I, τq), it is sufficient to show that for every open
neighbourhood U(I) of the ideal I in the space (B(Z+, θ)I , τ) we have that the image pi(U(I)) is an
open neighbourhood of the zero 0 in the space (B(Z+, θ)I/I, τq). Indeed, B(Z+, θ)I \ U(I) is an open-
and-closed subset of (B(Z+, θ)I , τ), because by Corollary 4.22 the elements of the semigroup B(Z+, θ)
are isolated point of (B(Z+, θ)I , τ). Also, since the restriction pi|B(Z+,θ) : B(Z+, θ)→ pi(B(Z+, θ)) of the
natural homomorphism pi : B(Z+, θ)I → B(Z+, θ)I/I is one-to-one, pi(B(Z+, θ)I \U(I)) is an open-and-
closed subset of (B(Z+, θ)I/I, τq). So pi(U(I)) is an open neighbourhood of the zero 0 of the semigroup
(B(Z+, θ)I/I, τq), and hence the natural homomorphism pi : B(Z+, θ)I → B(Z+, θ)I/I is a hereditarily
quotient map. Since I is a compact ideal of the semitopological semigroup (B(Z+, θ)I , τ), pi−1(y) is a
compact subset of (B(Z+, θ)I , τ) for every y ∈ B(Z+, θ)I/I. By Din’ N’e T’ong’s Theorem (see [14] or
[17, 3.7.E]), (B(Z+, θ)I/I, τq) is a Hausdorff locally compact space. If I is not open then by Theorem 4.27
the semitopological semigroup (B(Z+, θ)I/I, τq) is topologically isomorphic to (B(Z+, θ)0, τAc) and hence
it is compact. Next we shall prove that the space (B(Z+, θ)I , τ) is compact. Let U = {Uα : α ∈ I }
be an arbitrary open cover of (B(Z+, θ)I , τ). Since I is compact, there exist Uα1 , . . . , Uαn ∈ U such
that I ⊆ Uα1 ∪ · · · ∪ Uαn . Put U = Uα1 ∪ · · · ∪ Uαn . Then B(Z+, θ)I \ U is an open-and-closed
subset of (B(Z+, θ)I , τ). Also, since the restriction pi|B(Z+,θ) : B(Z+, θ) → pi(B(Z+, θ)) of the natural
homomorphism pi : B(Z+, θ)I → B(Z+, θ)I/I is one-to-one, pi(B(Z+, θ)I \ U(I)) is an open-and-closed
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subset of (B(Z+, θ)I/I, τq), and hence the image pi(B(Z+, θ)I \ U(I)) is finite, because the semigroup
(B(Z+, θ)I/I, τq) is compact. Thus, the set B(Z+, θ)I \U is finite and hence the space (B(Z+, θ)I , τ) is
compact as well. 
Theorem 5.3 implies the following corollary.
Corollary 5.4. Let θ be an arbitrary non-annihilating homomorphism and (B(Z+, θ)I , τ) be a locally
compact topological semigroup, where B(Z+, θ)I = B(Z+, θ) ⊔ I and I is a compact ideal of B(Z+, θ)I .
Then I is an open subset of (B(Z+)I , τ).
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